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Mathematical Excursions F o u r t h  E d i t i o n

 SEC TION 7. 8 |  Fractals 445

Computers are used to generate fractals such as those shown in Figure 7.26. These 
fractals were not rendered by using an initiator and a generator, but they were rendered 
using iterative procedures.

(a) (b) (c)

FIgurE 7.26 Computer-generated fractals
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Fractals have other applications in addition to being used to produce intriguing images. 
For example, computer scientists have recently developed fractal image compression pro-
grams based on self-transformations of an image. An image compression program is a 
computer program that converts an image �le to a smaller �le that requires less computer 
memory. In some situations, these fractal compression programs outperform standardized 
image compression programs such as JPEG (jay-peg), which was developed by the Joint 
Photographic Experts Group.

The Heighway Dragon Fractal

In this Excursion, we illustrate two methods of constructing the stages of a fractal known 
as the Heighway dragon.

The Heighway Dragon via Paper Folding
The �rst few stages of the Heighway dragon fractal can be constructed by the repeated 
folding of a strip of paper. In the following discussion, we use a 1-inch-wide strip of paper 
that is 14 in. in length as stage 0. To create stage 1 of the dragon fractal, just fold the strip 
in half and open it so that the fold forms a right angle (see Figure 7.29). To create stage 2, 
fold the original strip twice. The second fold should be in the same direction as the �rst 
fold. Open the paper so that each of the folds forms a right angle. Continue the  iterative 
process of making an additional fold in the same direction as the �rst fold and then form-
ing a right angle at each fold to produce additional stages. See Figure 7.29.

Stage 0

Stage 1 Stage 2

90°

E X C U R S I O N

A u f m A n n  ■   L o c k w o o d  ■   n A t i o n  ■   c L e g g
After teaching liberal arts mathematics classes using traditional texts, we became 
convinced that a liberal arts mathematics text was needed that included several 
features designed to increase student success by promoting more active student 
involvement in the learning process. With this in mind, we have created a text 
with the features outlined below, each designed to get you actively involved. We 
encourage you to become familiar with these features so that you can use them to 
enjoy a quality learning experience and the successful completion of this course.

 — RichaRd aufmann, Joanne Lock wood, RichaRd nation, danieL cLegg

Mathematical Excursions is written in an interactive style that 
provides you with an opportunity to practice a concept as it is 
presented.

Relevant Examples are accompanied  
by step-by-step solutions.

Check Your Progress allows you to 
immediately check your understanding of a 
concept.

A complete solution of the Check Your 
Progress is given in an appendix. This 
allows you to check your solution.

Excursions give you the 
opportunity to take the 
concepts from the section 
and expand on them or 
apply them in another 
setting. This promotes a 
deeper understanding of 
the concepts in the section.

A complete solution

SEC TION 11.1 |  Simple Interest 621

ExamplE 2 Calculate Simple Interest

Calculate the simple interest due on a 3-month loan of $2000 if the interest rate is 6.5%.

Solution

Use the simple interest formula. Substitute the values P = 2000 and r = 6.5% = 0.065 
into the formula. Because the interest rate is an annual rate, the time must be measured 

in years: t = 3 months
1 year = 3 months

12 months =
3

12.

I = Prt

I = 2000(0.065)S 3

12D
I = 32.5

The simple interest due is $32.50.

ChECk yOur prOgrESS 2 Calculate the simple interest due on a 4-month 
loan of $1500 if the interest rate is 5.25%.

Solution See page S37.  ◀

ExamplE 3 Calculate Simple Interest

Calculate the simple interest due on a 2-month loan of $500 if the interest rate is 1.5% 
per month.

Solution

Use the simple interest formula. Substitute the values P = 500 and r = 1.5% = 0.015 
into the formula. Because the interest rate is per month, the time period of the loan is 
expressed as the number of months: t = 2.

I = Prt

I = 500(0.015)(2)
I = 15

The simple interest due is $15.

ChECk yOur prOgrESS 3 Calculate the simple interest due on a 5-month 
loan of $700 if the interest rate is 1.25% per month.

Solution See page S38.  ◀

Remember that in the simple interest formula, time t is measured in the same period as 
the interest rate. Therefore, if the time period of a loan with an annual interest rate is 
given in days, it is necessary to convert the time period of the loan to a fractional part of 
a year. There are two methods for converting time from days to years: the exact method 
and the ordinary method. Using the exact method, the number of days of the loan is 
divided by 365, the number of days in a year.

Exact method: t =
number of days

365

9/13/16   10:01 AM

Chap ter 11 |  Solutions to Check Your Progress Problems S37

Check your progress 7, page 607

I = 2 ? (125,892,541I0) = 251,785,082I0

M = logS I

I0
D = logS251,785,082I0

I0
D = log(251,785,082) < 8.4

The Richter scale magnitude of an earthquake whose intensity is twice 
that of the Samoa Islands earthquake is 8.4.

Check your progress 8, page 607

 logS I

I0
D = 4.8

 
I

I0

= 104.8

 I = 104.8I0

 I < 63,096I0

The August 5, 2010, earthquake had an intensity that was approximately 
63,096 times the intensity of a zero-level earthquake.

Check your progress 9, page 608

 a. pH = 2logfH1g = 2log(2.41 3 10213) < 12.6

   The cleaning solution has a pH of 12.6.

 b. pH = 2logfH1g = 2log(5.07 3 1024) < 3.3

   The cola soft drink has a pH of 3.3.

 c. pH = 2logfH1g = 2log(6.31 3 1025) < 4.2

   The rainwater has a pH of 4.2.

Check your progress 10, page 609

 pH = 2logfH1g

 10.0 = 2logfH1g

 210.0 = logfH1g

 10210.0 = H1

 1.0 3 10210 = H1

The hydronium-ion concentration of the water in the Great Salt Lake in 
Utah is 1.0 3 10210 mole per liter.

Chapter 11

SeCtion 11.1

Check your progress 1, page 620

P = 500, r = 4% = 0.04, t = 1

 I = Prt

 I = 500(0.04)(1)
 I = 20

The simple interest earned is $20.

Check your progress 2, page 621

P = 1500, r = 5.25% = 0.0525

t =
4 months

1 year
=

4 months

12 months
=

4

12

 I = Prt

 I = 1500(0.0525)S 4

12D
 I = 26.25

The simple interest due is $26.25.

5, page 597

)

1, page 602

2, page 603

 b.  log5 125 = x
   5x = 125

23    5x = 53

3    x = 3
3    log5 125 = 3

3, page 603

4, page 604

b.  ln x = 2
 e2 = x

 7.389 < x

5, page 605

5y 1

25

1

5
1 5 25

22 21 0 1 2

y

x
–8 –4 0 8

–8

4

4

8

–4

6, page 606

(0 + 1) = 5

(3 + 1) < 45

− 5 = 40
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A variety of End-of-Chapter features help you prepare for a test.
 CHAP TER 11 |  Summary 681

a.  How much is due at closing? Note that the down 
payment is due at closing.

b.  After 5 years, you decide to sell your house. What is 
the loan payoff?

c.  Because of in�ation, you are able to sell your house 
for $248,000. Assuming that the selling fees are 6% 
of the selling price, what are the proceeds of the 
sale after deducting selling fees? Do not include the 
interest paid on the mortgage. Remember to consider 
the loan payoff.

d.  The percent return on an investment equals 
proceeds from sale

total closing costs
3 100. Find the percent return 

on your investment. Round to the nearest percent.

 38.  Amortization Schedules Does changing the 
interest rate of the loan in Exercise 36 change the 

number of the monthly payment for which the amount 
of principal paid �rst exceeds the amount of interest 
paid? For this exercise, you will need a spreadsheet 
program for producing amortization schedules. You can 
�nd one on our companion site at CengageBrain.com.

 39.  Buying and Selling a Home Suppose you buy a 
house for $208,750, make a down payment that is 30% 
of the purchase price, and secure a 30-year loan for the 
balance at an annual interest rate of 7.75%. The points 
on the loan are 1.5% and there are additional lender 
fees of $825.

11.1 Simple Interest

Simple Interest Formula The simple interest formula is I = Prt, 
where I is the interest, P is the principal, r is the interest rate, and t is 
the time period.

See Examples 2, 4, and 5 on pages 621 
and 622, and then try Exercises 1, 2, and 3 
on page 683.

Future Value or Maturity Value Formula for Simple Interest  
The future or maturity value formula for simple interest is

A = P + I

where A is the amount after the interest, I, has been added to the 
principal, P.

The future value or maturity value formula can also be written 
A = P(1 + rt), where A is the future or maturity value, P is the 
principal, r is the interest rate, and t is the time period.

See Examples 6 and 7 on pages 624 
and 625, and then try Exercise 4 on 
page 683.

11.2 Compound Interest

Compound Amount Formula The compound amount formula is 

A = P S1 +
r

nD
nt

where A is the compound amount, P is the amount of money deposited, 
r is the annual interest rate, n is the number of compounding periods per 
year, and t is the number of years.

See Examples 2, 3, and 4 on pages 632 
and 633, and then try Exercises 7, 8, and 9 
on page 683.

Present Value Formula The present value formula is 

P =
A

S1 +
r

nD
nt

where P is the original principal invested, A is the compound amount, r 
is the annual interest rate, n is the number of compounding periods per 
year, and t is the number of years.

See Example 6 on page 635, and then try 
Exercises 10 and 12 on pages 683 and 684.

chapter 11 Summary
The following table summarizes essential concepts in this chapter. The references given in the right-hand column list 
Examples and Exercises that can be used to test your understanding of a concept.

continued

65584_Ch11_619-686.indd   681 9/13/16   10:22 AM

The Chapter Summary reviews the major concepts 
discussed in the chapter. For each concept, there is a 
reference to a worked example illustrating how the 
concept is used and at least one exercise in the Chapter 
Review Exercises relating to that concept.

 CHAP TER 11 |   Review Exercises 683

Bonds The price paid for a bond is the face value. The issuer promises 
to repay the bondholder on a particular day, called the maturity date, at 
a given interest rate, called the coupon.

See Example 4 on page 665, and then try 
Exercise 14 on page 684.

Net Asset Value of a Mutual Fund   
The net asset value of a mutual fund is given by

NAV =
A − L

N

where A is the total fund assets, L is the total fund liabilities, and N is 
the number of shares outstanding.

See Example 5 on page 666, and then try 
Exercise 28 on page 684.

11.5 Home Ownership

Mortgage Payment Formula   
The mortgage payment for a mortgage is given by

PMT = A S
r

n

1 − S1 +
r

nD
2ntD

where PMT is the monthly mortgage payment, A is the amount of the 
mortgage, r is the annual interest rate, n is the number of payments per 
year, and t is the number of years.

See Examples 2 and 3 on pages 672–673 
and 674–675, and then try Exercise 30 on 
page 685.

APR Loan Payoff Formula   
The payoff amount for a mortgage is given by

A = PMT S 1 − S1 +
r

n
D2U

r

n
D

where A is the loan payoff, PMT is the mortgage payment, r is the 
annual interest rate, n is the number of payments per year, and U is the 
number of remaining (or unpaid) payments.

See Example 4 on page 676, and then try 
Exercise 26 on page 684.

 1.  Simple Interest Calculate the simple interest due on 
a 4-month loan of $2750 if the interest rate is 6.75%.

 2.  Simple Interest Find the simple interest due on an 
8-month loan of $8500 if the interest rate is 1.15% per 
month.

 3.  Simple Interest What is the simple interest earned 
in 120 days on a  deposit of $4000 if the interest rate is 
6.75%?

 4.  Maturity Value Calculate the maturity value of a 
simple interest, 108-day loan of $7000 if the interest 
rate is 10.4%.

 5.  Simple Interest Rate The simple interest charged 
on a 3-month loan of $6800 is $127.50. Find the simple 
interest rate.

 6.  Compound Amount Calculate the compound 
amount when $3000 is deposited in an account earning 
6.6% interest, compounded monthly, for 3 years.

 7.  Compound Amount What is the compound amount 
when $6400 is deposited in an account earning an interest 
rate of 6%, compounded quarterly, for 10 years?

 8.  Future Value Find the future value of $6000 
earning 9% interest, compounded daily, for 3 years.

 9.  Compound Interest Calculate the amount of 
interest earned in 4 years on $600 deposited in an 
account paying 7.2% interest, compounded daily.

 10.  Present Value How much money should be invested 
in an account that earns 8% interest, compounded 
semiannually, in order to have $18,500 in 7 years?

chaptER 11 ReVIew exeRCISeS
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 CHAP TER 11 |   Test 685

 30.  Mortgage Payments Suppose you purchase a con-
dominium and obtain a 30-year loan of $255,800 at an 
annual interest rate of 6.75%.

a.  What is the mortgage payment?

b.  What is the total of the payments over the life of the 
loan?

c.  Find the amount of interest paid on the mortgage 
loan over the 30 years.

 31.  Mortgage Payments and Loan Payoffs Garth 
Santacruz purchased a condominium and obtained 
a 25-year loan of $189,000 at an annual interest rate 
of 7.5%.

a.  What is the mortgage payment?

b.  After making payments for 10 years, Garth decides 
to sell his home. What is the loan payoff?

 32.  Total Monthly Payments Geneva Goldberg 
obtains a 15-year loan of $278,950 at an annual interest 
rate of 7%. Her annual property tax bill is $1134 and 
her annual �re insurance premium is $681. Find the 
total monthly payment for the mortgage, property tax, 
and �re insurance.

 33.  Student Loans A student receives a non-subsidized 
Stafford loan of $17,000 at an annual interest rate of 
4.1% for 6 years. What are the monthly payments on the 
loan when the student graduates 2 years later?

 1.  Simple Interest Calculate the simple interest due on 
a 3-month loan of $5250 if the interest rate is 8.25%.

 2.  Simple Interest Find the simple interest earned in 
180 days on a deposit of $6000 if the interest rate is 
6.75%.

 3.  Maturity Value Calculate the maturity value of a 
simple interest, 200-day loan of $8000 if the interest 
rate is 9.2%.

 4.  Simple Interest Rate The simple interest charged 
on a 2-month loan of $7600 is $114. Find the simple 
interest rate.

 5.  Compound Amount What is the compound 
amount when $4200 is deposited in an account earning 
an interest rate of 7%, compounded monthly, for 
8 years?

 6.  Compound Interest Calculate the amount of 
interest earned in 3 years on $1500 deposited in an 
account paying 6.3% interest, compounded daily.

 7.  Maturity Value To help pay for a new truck, you 

 10.  Bonds Suppose you purchase a $5000 bond that has 
a 3.8% coupon and a 10-year maturity. Calculate the 
total of the interest payments that you will receive.

 11.  Inflation In 2016, the median value of a single-
family house was $224,000. Use an annual  in�ation 
rate of 4.3% to calculate the median value of a single 
family house in 2029. (Source: money.cnn.com)

 12.  Effective Interest Rate Calculate the effective 
interest rate of 6.25% compounded quarterly. Round to 
the nearest hundredth of a percent.

 13.  Annual Yield Which has the higher annual yield, 
4.4% compounded monthly or 4.6% compounded 
semiannually?

 14.  Finance Charges On October 15, a credit card 
account had a balance of $515. A purchase of $75 
was made on October 20, and a payment of $250 was 
made on October 28. The interest on the average daily 
balance is 1.8% per month. Find the �nance charge on 
the November 15 bill.

 15.  APR Suppose that you purchase a 2-in-1 laptop 

chapTer 11 TEST

Chapter Review Exercises help you review all of the 
concepts in the chapter. Answers to all the Chapter Review 
Exercises are in the answer section, along with a reference 
to the section from which the exercise was taken. If you 
miss an exercise, use that reference to review the concept.

Maturity Value Calculate the maturity value of a 
simple interest, 108-day loan of $7000 if the interest 
rate is 10.4%.

Simple Interest Rate The simple interest charged 
on a 3-month loan of $6800 is $127.50. Find the simple 

earning 9% interest, compounded daily, for 3 years.

9. Compound Interest Calculate the amount of 
interest earned in 4 years on $600 deposited in an 
account paying 7.2% interest, compounded daily.

10. Present Value How much money should be invested 
in an account that earns 8% interest, compounded 
semiannually, in order to have $18,500 in 7 years?

 Answers to All Exercises A55

excursion exercises, section  11.5  page 678

 1. $1801.39    2. $4275    3. $289,275    4.  6.36%    5. Option 1: $682.18; Option 2: $665.30   
 6. Option 1: $1500; Option 2: $2000    7. Option 1: $17,872.32; Option 2: $17,967.20    8. Option 1: $26,058.48; Option 2: $25,950.80   
 9. Option 1 is more cost effective if you stay in the home for 2 years or less. Option 2 is more cost effective if you stay in the home for 3 years or more. 
Explanations will vary.   

exercise set  11.5  page 679

 1. $64,500; $193,500    2. $32,500; $292,500    3. $5625    4. $4675    5. $99,539    6. $56,801    
 7. $34,289.38    8. $34,841    9. $974.37    10. $1548.57    11. $2155.28    12. $1300.87    
13. a. $1088.95   b. $392,022   c. $240,022    14. a. $1569.02   b. $470,706   c. $271,706     
15. $174,606    16. $664,141.60    17. Interest: $1407.38; principal: $495.89    18. Interest: $1297.13; principal: $37.50     
19. Interest: $1347.68; principal: $123.62    20. Interest: $986.59; principal: $110.43    21. $112,025.49    22. $126,874.00    
23. $61,039.75    24. $96,924.63    25. $1071.10    26. $1903.71    27. $2022.50    28. $1827.28    
29. a. $330.57   b. $140,972.40    30. a. $804.08   b. $325,058.40    31. a. $390.62   b. $178,273.20   
 32. a. $343.07   b. $188,254.80    33. $125,000    34. $120,000    35. $212,065    36. 260th payment    37. No    
38. Yes. If the interest rate is lower, it will take fewer months.     39. a. $65,641.88   b. $138,596.60   c. $28,881.52   d. 44%    

chApter 11 review exercises  page 683

 1. $61.88 [Sec. 11.1]    2. $782 [Sec. 11.1]    3. $90 [Sec. 11.1]    4. $7218.40 [Sec. 11.1]    5.  7.5% [Sec. 11.1]   
 6. $3654.90 [Sec. 11.2]    7. $11,609.72 [Sec. 11.2]    8. $7859.52 [Sec. 11.2]    9. $200.23 [Sec. 11.2]     
10. $10,683.29 [Sec. 11.2]    11. a. $11,318.23   b. $3318.23 [Sec. 11.2]    12. $19,225.50 [Sec. 11.2]     
13.  1.1% [Sec. 11.4]    14. $9000 [Sec. 11.4]    15. $1.59 [Sec. 11.2]    16. $43,650.68 [Sec. 11.2]    
17. 6.06% [Sec. 11.2]    18.  5.4% compounded semiannually [Sec. 11.2]    19. $431.16 [Sec. 11.3]    
20. $6.12 [Sec. 11.3]    21. a. $259.38   b.  12.75% [Sec. 11.3]    22. a. $36.03   b. 12.9% [Sec. 11.3]    
23. $45.41 [Sec. 11.3]    24. a. $10,092.69   b. $2018.54   c. $253.01 [Sec. 11.3]    25. $664.40 [Sec. 11.3]    
26. a. $540.02   b. $12,196.80 [Sec. 11.3]    27. a. Pro�t of $5325   b. $256.10 [Sec. 11.4]    
28. 200 shares [Sec. 11.4]    29. $99,041 [Sec. 11.5]    30. a. $1659.11   b. $597,279.60   c. $341,479.60 [Sec. 11.5]    
31. a. $1396.69   b. $150,665.74 [Sec. 11.5]    32. $2658.53 [Sec. 11.5]   33. $288.62 [Sec. 11.3]   

chApter 11 test  page 685

 1. $108.28 [Sec. 11.1, Example 2]    2. $202.50 [Sec. 11.1, Example 1]    3. $8408.89 [Sec. 11.1, Example 6]   
 4. 9% [Sec. 11.1, Example 5]    5. $7340.87 [Sec. 11.2, Check Your Progress 2]    6. $312.03 [Sec. 11.2, Example 4]   
 7. a. $15,331.03   b. $4831.03 [Sec. 11.1, Example 6]    8. $21,949.06 [Sec. 11.2, Example 6]    9.  1.2% [Sec. 11.4, Example 2]   
 10. $1900 [Sec. 11.4, Example 4]    11. $387,207.74 [Sec. 11.2, Check Your Progress 8]    12.  6.40% [Sec. 11.2, Check Your Progress 10]   
 13.  4.6% compounded semiannually [Sec. 11.2, Example 11]    14. $7.79 [Sec. 11.3, Example 1]    15. a. $48.56   
b.  16.6% [Sec. 11.3, Example 2]    16. $56.49 [Sec. 11.3, Example 3]    17. a. Loss of $4896   b. $226.16 [Sec. 11.4, Example 3]   
 18. 208 shares [Sec. 11.4, Example 5]    19. a. $6985.94   b. $1397.19   c. $174.62 [Sec. 11.3, Example 4]   
 20. $60,083.50 [Sec. 11.5, Example 1]    21. a. $1530.69 [Sec. 11.5, Example 2a]   b. $221,546.46 [Sec. 11.5, Example 4]   
 22. $2595.97 [Sec. 11.5, Example 2a, Example 5]  

Chapter 12

excursion exercises, section  12.1  page 694

 1. Three weighings    2. Three weighings   

exercise set  12.1  page 695

 1. h0, 2, 4, 6, 8j    2. h1, 3, 5, 7, 9j    3. �Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday�   
 4. �January, February, March, April, May, June, July, August, September, October, November, December�   
 5. �HH, TT, HT, TH�    6. �HHH, HHT, HTH, THH, HTT, THT, TTH, TTT�   
 7. �1H, 2H, 3H, 4H, 5H, 6H, 1T, 2T, 3T, 4T, 5T, 6T�    8. �H1, H2, H3, H4, T1, T2, T3, T4�   
 9. hS1E1D1, S1E1D2, S1E2D1, S1E2D2, S1E3D1, S1E3D2, S2E1D1, S2E1D2, S2E2D1, S2E2D2, S2E3D1, S2E3D2j   
 10. hB1R1C1, B1R1C2, B1R2C1, B1R2C2, B2R1C1, B2R1C2, B2R2C1, B2R2C2, B3R1C1, B3R1C2, B3R2C1, B3R2C2j   

65584_ExAnsAll_A1-A62.indd   55

The Chapter Test gives you a chance to practice a 
possible test for the chapter. Answers to all Chapter Test 
questions are in the answer section, along with a section 
reference for the question.

For the Chapter Test, besides a reference to the section 
from which an exercise was taken, there is a reference to 
an example that is similar to the exercise.

rate of 4.3% to calculate the median value of a single 

interest rate of 6.25% compounded quarterly. Round to interest rate of 6.25% compounded quarterly. Round to 

 Answers to All Exercises A55

excursion exercises, section  11.5  page 678

 1. $1801.39    2. $4275    3. $289,275    4.  6.36%    5. Option 1: $682.18; Option 2: $665.30   
 6. Option 1: $1500; Option 2: $2000    7. Option 1: $17,872.32; Option 2: $17,967.20    8. Option 1: $26,058.48; Option 2: $25,950.80   
 9. Option 1 is more cost effective if you stay in the home for 2 years or less. Option 2 is more cost effective if you stay in the home for 3 years or more. 
Explanations will vary.   

exercise set  11.5  page 679

 1. $64,500; $193,500    2. $32,500; $292,500    3. $5625    4. $4675    5. $99,539    6. $56,801    
 7. $34,289.38    8. $34,841    9. $974.37    10. $1548.57    11. $2155.28    12. $1300.87    
13. a. $1088.95   b. $392,022   c. $240,022    14. a. $1569.02   b. $470,706   c. $271,706     
15. $174,606    16. $664,141.60    17. Interest: $1407.38; principal: $495.89    18. Interest: $1297.13; principal: $37.50     
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38. Yes. If the interest rate is lower, it will take fewer months.     39. a. $65,641.88   b. $138,596.60   c. $28,881.52   d. 44%    
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 CHAP TER 12 |  Summary 743

the player with the higher sum wins? Dice such as these 
are part of a set of 4 pairs of dice called Efron’s dice. 
Which pair should you choose? Explain.

 24.  Lotteries The PowerBall lottery commission 
chooses 5 white balls from a drum containing 

69 balls marked with the numbers 1 through 69, and 
1 red ball from a separate drum containing 26 balls. 
The following table shows the approximate odds of 
winning certain prizes if the numbers you choose 
match those chosen by the lottery commission.

Match Prize Odds

+ Grand Prize

The overall odds of winning a prize are 1 in 24.87.
The odds presented here are based on a $2 play

(rounded to two decimal places).

1 in 292,201,338.00

+ $50,000 1 in 913,129.18

$1,000,000 1 in 11,688,053.52

$100 1 in 36,525.17

+

$7 1 in 579.76

$100 1 in 14,494.11

$7 1 in 701.33

  $4 1 in 38.32

+

+   $4 1 in 91.98

 Source: http://www.powerball.com/powerball/pb_prizes.asp

Assuming the jackpot for a certain drawing is 
$150 million, what is your expectation for the jackpot  
if you purchase 1 ticket for $2? Round to the nearest 
cent. Assume the jackpot is not split among multiple 
winners.

 19.  If a pair of regular dice is tossed once, use the expec-
tation formula to determine the expected sum of the 
numbers on the upward faces of the 2 dice.

 20.  Consider rolling a pair of unusual dice, for which the 
faces have the number of pips indicated.

Die 1: h0, 0, 0, 6, 6, 6j

Die 2: h1, 2, 3, 4, 5, 6j

a.  List the sample space for the experiment.

b.  Compute the probability of each possible sum of the 
upward faces on the dice.

c.  What is the expected value of the sum of the 
numbers on the upward faces of the 2 dice?

 21.  Two dice, one labeled 1, 2, 2, 3, 3, 4 and the other 
labeled 1, 3, 4, 5, 6, 8, are rolled once. Use the formula 
for expectation to determine the expected sum of the 
numbers on the upward faces of the 2 dice. Dice such as 
these are called Sicherman dice.

 22.  Suppose you purchase a ticket for a prize and 
your expectation is 2$1. What is the meaning of 

this expectation?

 23.  Efron’s dice Suppose you are offered 1 of 2 pairs of 
dice, a red pair or a green pair, that are labeled as follows.

Red die 1: 0, 0, 4, 4, 4, 4

Red die 2: 2, 3, 3, 9, 10, 11

Green die 1: 3, 3, 3, 3, 3, 3

Green die 2: 0, 1, 7, 8, 8, 8

 After you choose, your friend will receive the other 
pair. Which pair should you choose if you are going to 
play a game in which each of you rolls your dice and 

ExTEnsions

12.1 The Counting Principle

Sample Spaces An experiment is an activity with an observable 
outcome. The sample space of an experiment is the set of all possible 
outcomes. A table or a tree diagram can be used to list all the outcomes 
in the sample space of a multi-stage experiment.

See Examples 3 and 4 on pages 689 to 691, 
and then try Exercises 3 and 4 on page 746.

The Counting Principle Let E be a multi-stage experiment. If 
n1, n2, n3, ... , nk are the numbers of possible outcomes of each of the k 
stages of E, then there are n1, n2, n3, ... , nk possible outcomes for E.

See Example 5 on pages 691 to 692, and 
then try Exercises 5 and 7 on page 746.

chapter 12 Summary
The following table summarizes essential concepts in this chapter. The references given in the right-hand column list 
Examples and Exercises that can be used to test your understanding of a concept.

continued
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Many exercises are suitable for  
cooperative learning, providing 

opportunities to work with others.

◀  
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ix

Preface

Mathematical Excursions is about mathematics as a system of knowing or understand-
ing our surroundings. It is similar to an English literature textbook, an introduction to  
philosophy textbook, or perhaps an introductory psychology textbook. Each of 
those books provides glimpses into the thoughts and perceptions of some of the 
world’s greatest writers, philosophers, and psychologists. Reading and studying 
their thoughts enables us to better understand the world we inhabit.

In a similar way, Mathematical Excursions provides glimpses into the nature of  
mathematics and how it is used to understand our world. This understanding, in 

conjunction with other disciplines, contributes to a more complete portrait of the 
world. Our contention is that:

■ Planning a shopping trip to several local stores, or several cities scattered across 
Europe, is more interesting when one has knowledge of ef�cient routes, which is a 
concept from the �eld of graph theory.

■ Problem solving is more enjoyable after you have studied a variety of problem-
solving techniques and have practiced using George Polya’s four-step, problem-solving 
strategy.

■ The challenges of sending information across the Internet are better understood by 
examining prime numbers. 

■ The perils of radioactive waste take on new meaning with knowledge of exponential 
functions.

■ Generally, knowledge of mathematics strengthens the way we know, perceive, and 
understand our surroundings.

The central purpose of Mathematical Excursions is to explore those facets of mathemat-
ics that will strengthen your quantitative understandings of our environs. We hope you 
enjoy the journey.

updates to this Edition
■ Application Examples, Exercises, and Excursions have been updated to re�ect re-

cent data and trends.
■ Expanded Chapter 7 with the addition of a section on measurement.

■ Extension exercises have been consolidated and streamlined.
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x Preface

interactive Method

The AIM FOR SUCCESS STUDENT PREFACE explains 
what is required of a student to be successful and how this 
text has been designed to foster student success. This “how to 
use this text” preface can be used as a lesson on the �rst day 
of class or as a project for students to complete to strengthen 
their study skills.

Title

xvii

Title

Welcome to Mathematical Excursions, Fourth Edition. As you begin this course, we 
know two important facts: (1) You want to succeed. (2) We want you to succeed. In order 
to accomplish these goals, an effort is required from each of us. For the next few pages, 
we are going to show you what is required of you to achieve your goal and how we have 
designed this text to help you succeed.

Motivation

One of the most important keys to success is motivation. We can try to motivate you 
by offering interesting or important ways that you can bene�t from mathematics. But, 
in the end, the motivation must come from you. On the �rst day of class it is easy to be  
motivated. Eight weeks into the term, it is harder to keep that motivation.

To stay motivated, there must be outcomes from this course that are worth your time, 
money, and energy. List some reasons you are taking this course. Do not make a mental 
list—actually write them out. Do this now.

Although we hope that one of the reasons you listed was an interest in mathematics, 
we know that many of you are taking this course because it is required to graduate, it is 
a prerequisite for a course you must take, or because it is required for your major. If you 
are motivated to graduate or complete the requirements for your major, then use that mo-
tivation to succeed in this course. Do not become distracted from your goal to complete 
your education!

Commitment

To be successful, you must make a commitment to succeed. This means devoting time to 
math so that you achieve a better understanding of the subject.

List some activities (sports, hobbies, talents such as dance, art, or music) that you 
enjoy and at which you would like to become better. Do this now.

Next to these activities, put the number of hours each week that you spend practicing 
these activities.

Whether you listed sur�ng or sailing, aerobics or restoring cars, or any other activity 
you enjoy, note how many hours a week you spend on each activity. To succeed in math, 
you must be willing to commit the same amount of time. Success requires some sacri�ce.

the “i Can’t do Math” Syndrome

There may be things you cannot do, such as lift a two-ton boulder. You can, however, 
do math. It is much easier than lifting the two-ton boulder. When you �rst learned the 
activities you listed above, you probably could not do them well. With practice, you got 
better. With practice, you will be better at math. Stay focused, motivated, and committed 
to success.

It is dif�cult for us to emphasize how important it is to overcome the “I Can’t Do 
Math Syndrome.” If you listen to interviews of very successful athletes after a particu-
larly bad performance, you will note that they focus on the positive aspect of what they 
did, not the negative. Sports psychologists encourage athletes to always be positive—to 
have a “can do” attitude. You need to develop this attitude toward math.

AiM for Success

v

TAkE NoTE

Motivation alone will not lead to 
success. For instance, suppose 
a person who cannot swim is 
placed in a boat, taken out to the 
middle of a lake, and then thrown 
overboard. That person has a lot 
of motivation to swim but there is 
a high likelihood the person will 
drown without some help.  
Motivation gives us the desire 
to learn but is not the same as 
learning.
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Each CHAPTER OPENER includes a list of sections that 
can be found within the chapter and includes an anecdote, 
description, or explanation that introduces the student to a 
topic in the chapter.

1

1.1 Inductive and 
Deductive 
Reasoning

1.2 Problem Solving 
with Patterns

1.3 Problem-Solving  
Strategies

Problem Solving
Most occupations require good problem-solving skills. For 

instance, architects and engineers must solve many compli-

cated problems as they design and construct modern build-

ings that are aesthetically pleasing, functional, and that meet 

stringent safety requirements. Two goals of this chapter are to 

help you become a better problem solver and to demonstrate that 

problem solving can be an enjoyable experience.

One problem that many have enjoyed is the Monty Hall (host of the 

game show Let’s Make a Deal) problem, which is stated as follows. The grand 

prize in Let’s Make a Deal is behind one of three doors. Less desirable prizes 

(for instance, a goat and a box of candy) are behind the other two doors. You 

select one of the doors, say door 1. Monty Hall reveals one of the less desirable 

prizes behind one of the other doors. You are then given the opportunity either 

to stay with your original choice or to choose the remaining closed door.

1 2 3

Example: You choose door 1. Monty Hall reveals a goat behind
                  door 3. You can stay with door 1 or switch to door 2.

Marilyn vos Savant, author of the “Ask Marilyn” column featured in Parade 

Magazine, analyzed this problem,1 claiming that you double your chances of 

winning the grand prize by switching to the other closed door. Many readers, 

including some mathematicians, responded with arguments that contradicted 

Marilyn’s analysis.

What do you think? Do you have a better chance of winning the grand prize 

by switching to the other closed door or staying with your original choice?

Of course there is also the possibility that it does not matter, if the chances 

of winning are the same with either strategy.

Discuss the Monty Hall problem with some of your friends and classmates. 

Is everyone in agreement? Additional information on this problem is given in 

Exploration Exercise 54 on page 14.

1  “Ask Marilyn,” Parade Magazine, September 9, 1990, p. 15.
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 Preface xi

At various places throughout the text, a QUESTION is posed about 
the topic that is being discussed. This question encourages students 
to pause, think about the current discussion, and answer the ques-
tion. Students can immediately check their understanding by refer-
ring to the ANSWER to the question provided in a footnote on the 
same page. This feature creates another opportunity for the student 
to interact with the textbook.
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ExamplE 3 Write Compound Statements in Symbolic Form

Consider the following simple statements.

p: Today is Friday.

q: It is raining.

r: I am going to a movie.

s: I am not going to the basketball game.

Write the following compound statements in symbolic form.

a.  Today is Friday and it is raining.

b.  It is not raining and I am going to a movie.

c.  I am going to the basketball game or I am going to a movie.

d. If it is raining, then I am not going to the basketball game.

Solution

a. p ` q  b. ,q ` r  c. ,s ~ r  d. q l s

ChECk yOur prOgrESS 3 Use p, q, r, and s as de�ned in Example 3 to 
write the following compound statements in symbolic form.

a.  Today is not Friday and I am going to a movie.

b.  I am going to the basketball game and I am not going to a movie.

c.  I am going to the movie if and only if it is raining.

d. If today is Friday, then I am not going to a movie.

Solution See page S8. ◀

In the next example, we translate symbolic statements into English sentences.

ExamplE 4 Translate Symbolic Statements

Consider the following statements.

p: The game will be played in Atlanta.

q: The game will be shown on CBS.

r: The game will not be shown on ESPN.

s: The Mets are favored to win.

Write each of the following symbolic statements in words.

a. q ` p  b. ,r ` s  c. s i ,p

Solution

a.  The game will be shown on CBS and the game will be played in Atlanta.

b. The game will be shown on ESPN and the Mets are favored to win.

c.  The Mets are favored to win if and only if the game will not be played in Atlanta.

ChECk yOur prOgrESS 4 Consider the following statements.

e: All men are created equal.

t: I am trading places.

a: I get Abe’s place.

g: I get George’s place.

Use the above information to translate the dialogue in the speech bubbles at the left.

Solution See page S8. ◀fs
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The eighth Fibonacci number is

 F8 = F7 + F6

 = 13 + 8

 = 21

CHECk youR PRogREss 3 Use the de�nition of Fibonacci numbers to �nd 
the ninth Fibonacci number.

solution See page S2. ◀

Fibonacci Numbers:  
Cropping Up Everywhere!

Fibonacci’s rabbit problem is not a very realistic model of the population growth rate of 
rabbits; however, the numbers in the Fibonacci sequence often occur in nature. For 
instance, the seeds on a sun�ower are arranged in spirals that curve both clockwise and 
counterclockwise from the center of the sun�ower’s head to its outer edge. In many 
sun�owers, the number of clockwise spirals and the number of counterclockwise spirals 
are consecutive Fibonacci numbers. For instance, in the sun�ower shown at the left, the 
number of clockwise spirals is 34 and the number of counterclockwise spirals is 55.

It has been conjectured that the seeds on a sun�ower grow in spirals that involve 
Fibonacci numbers because this arrangement forms a uniform packing. At any stage 
in the sun�ower’s development, its seeds are packed so that they are not too crowded 
in the center and not too sparse at the edges.

Pineapples have spirals formed by their hexagonal nubs. The nubs on many pine-
apples form 8 spirals that rotate diagonally upward to the left and 13 spirals that rotate 
diagonally upward to the right. The numbers 8 and 13 are consecutive Fibonacci 
numbers.

Additional information about the occurrence of Fibonacci numbers in nature can 
be found on the Internet. 

MATHMATTERS

The seeds on this sunflower 
form 34 clockwise spirals and 
55 counterclockwise spirals. 
The numbers 34 and 55 are 
consecutive Fibonacci numbers.
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We can �nd any term after the second term of the Fibonacci sequence by computing 
the sum of the previous two terms. However, this procedure of adding the previous two 
terms can be tedious. For instance, what is the 100th term or the 1000th term of the Fibo-
nacci sequence? To �nd the 100th term, we need to know the 98th and 99th terms. To �nd 
the 1000th term, we need to know the 998th and 999th terms. Many mathematicians tried 
to �nd a nonrecursive nth-term formula for the Fibonacci sequence without success, until 
a formula was discovered by Jacques Binet in 1843. Binet’s formula is given in Exercise 
23 of this section.

qUESTION  What happens if you try to use a difference table to determine Fibonacci 
numbers?

ExAmPlE 4 Determine Properties of Fibonacci Numbers

Determine whether each of the following statements about Fibonacci numbers is true or 
false. Note: The �rst 10 terms of the Fibonacci sequence are 1, 1, 2, 3, 5, 8, 13, 21, 34, 
and 55.

a. If n is even, then  Fn is an odd number.   b.  2Fn − Fn22 = Fn11 for n $ 3 

aNSwEr  The difference table for the numbers in the Fibonacci sequence does not contain a row of 
differences that are all the same constant.

Each section contains a variety of WORKED EXAMPLES. 
Each example is given a title so that the student can see at 
a glance the type of problem that is being solved. Most ex-
amples include annotations that assist the student in moving 
from step to step, and the �nal answer is in color in order to 
be readily identi�able.

Following each worked example is a CHECK YOUR PROG-
RESS exercise for the student to work. By solving this exer-
cise, the student actively practices concepts as they are pre-
sented in the text. For each Check Your Progress exercise, 
there is a detailed solution in the Solutions appendix. 
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The EXERCISE SETS were carefully written to provide a wide 
variety of exercises that range from drill and practice to interesting 
challenges. Exercise sets emphasize skill building, skill mainte-
nance, concepts, and applications. Icons are used to identify vari-
ous types of exercises.

Writing exercises

Data analysis exercises

Graphing calculator exercises

Exercises that require the Internet

518

Earned Run Average

One measure of a pitcher’s success is earned run average. Earned run average (ERA)  
is the number of earned runs a pitcher gives up for every nine innings pitched. The de�ni-
tion of an earned run is somewhat complicated, but basically an earned run is a run that 
is scored as a result of hits and base running that involves no errors on the part of the 
pitcher’s team. If the opposing team scores a run on an error (for example, a �y ball that 
should have been caught in the out�eld was fumbled), then that run is not an earned run.

A proportion is used to calculate a pitcher’s ERA. Remember that the statistic 
involves the number of earned runs per nine innings. The answer is always rounded to the 
nearest hundredth. Here is an example.

During the 2015 baseball season, Clayton Kershaw gave up 55 earned runs and 
pitched 232.2 innings for the Los Angeles Dodgers. To calculate Clayton Kershaw’s 
ERA, let x = the number of earned runs for every nine innings pitched. Write a propor-
tion and then solve it for x.

 
55 earned runs

232.2 innings
=

x

9 innings

 55 ? 9 = 232.2 ? x

 495 = 232.2x

 
495

232.2
=

232.2x

232.2

 2.13 < x

Clayton Kershaw’s ERA for the 2015 season was 2.13.

Excursion ExErcisEs

 1. In 1979, his rookie year, Jeff Reardon pitched 21 innings for the New York Mets and 
gave up four earned runs. Calculate Reardon’s ERA for 1979.

 2.  Roger Clemens’s �rst year with the Boston Red Sox was 1984. During that season, he 
pitched 133.1 innings and gave up 64 earned runs. Calculate Clemens’s ERA for 1984.

 3.  In 1987, Nolan Ryan had the lowest ERA of any pitcher in the major leagues. He 
gave up 65 earned runs and pitched 211.2 innings for the Houston Astros. Calculate 
Ryan’s ERA for 1987.

 4.  During the 2015 season, Jake Arrieta of the Baltimore Orioles pitched 229 innings 
and had an ERA of 1.77. How many earned runs did he give up during the season?

 5.  Find the necessary statistics for a pitcher on your “home team,” and calculate that 
pitcher’s ERA.

Clayton Kershaw
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E X C U R S I O N

Earned Run Average Leaders

Major League Baseball

Year Player, club ERA

2005 Roger Clemens, 
Houston

1.87

2006 Johan Santana, 
Minnesota

2.77

2007 Jake Peavy, 
San Diego

2.54

2008 Johan Santana, 
New York

2.53

2009 Zack Greinke, 
Kansas City

2.16

2010 Felix Hernandez, 
Seattle

2.27

2011 Clayton Kershaw, 
Los Angeles

2.28

2012 Clayton Kershaw, 
Los Angeles

2.53

2013 Clayton Kershaw, 
Los Angeles

1.83

2014 Clayton Kershaw, 
Los Angeles

1.77

2015 Zack Greinke,  
Los Angeles

1.66

 1.  Provide two examples of situations in which unit rates 
are used.

 2.  Provide two examples of situations in which ratios  
are used.

■ In Exercises 3 to 8, write the expression as a unit rate.

 3.  582 mi in 12 h

 4.  138 mi on 6 gal of gasoline

 5.  544 words typed in 8 min

 6.  100 m in 8 s

 7.  $9100 for 350 shares of stock

 8.  1000 ft2 of wall covered with 2.5 gal of paint

 9. Wages A machinist earns $682.50 for working a 
35-hour week. What is the machinist’s hourly rate 
of pay?

ExERCisE sET 9.2  

65584_Ch09_495-554.indd   518 9/14/16   3:40 PM

 SEC TION 4 . 3 |  Weighted Voting Systems 217

■ In the following exercises that involve weighted voting 
systems for voters A, B, C, ..., the systems are given in the 
form hq: w1, w2, w3, w4, ... , wn j. The weight of voter A is w1, 
the weight of voter B is w2, the weight of voter C is w3, and 
so on.

 1.  A weighted voting system is given by h6: 4, 3, 2, 1j.

a.  What is the quota?

b.  How many voters are in this system?

c.  What is the weight of voter B?

d.  What is the weight of the coalition hA, Cj?

e.  Is hA, Dj a winning coalition?

f.  Which voters are critical voters in the coalition 
hA, C, Dj?

g.  How many coalitions can be formed?

h.  How many coalitions consist of exactly two voters?

 2.  A weighted voting system is given by h16: 8, 7, 4, 2, 1j.

a.  What is the quota?

b.  How many voters are in this system?

c.  What is the weight of voter C?

d.  What is the weight of the coalition hB, Cj?

e.  Is hB, C, D, Ej a winning coalition?

f.  Which voters are critical voters in the coalition 
hA, B, Dj?

g.  How many coalitions can be formed?

h.  How many coalitions consist of exactly three voters?
■ In Exercises 3 to 12, calculate, if possible, the Banzhaf 
power index for each voter. Round to the nearest hundredth.

 3.  h6: 4, 3, 2j

 4.  h10: 7, 6, 4j

 5.  h10: 7, 3, 2, 1j

 6.  h14: 7, 5, 1, 1j

 7.  h19: 14, 12, 4, 3, 1j

 8.  h3: 1, 1, 1, 1j

 9.  h18: 18, 7, 3, 3, 1, 1j

 10.  h14: 6, 6, 4, 3, 1j

 11.  h80: 50, 40, 30, 25, 5j

 12.  h85: 55, 40, 25, 5j

 13.  Which, if any, of the voting systems in Exercises 3 to 
12 is

a.  a dictatorship?

b.  a veto power system? Note: A voting system is a 
veto power system if any of the voters has veto 
power.

c.  a null system?

d.  a one-person, one-vote system?

 14.  Explain why it is impossible to calculate the 
Banzhaf power index for any voter in the null 

system h8: 3, 2, 1, 1j.

 15.  Music Education A music department consists 
of a band director and a music teacher. Decisions on 
motions are made by voting. If both members vote 
in favor of a motion, it passes. If both members vote 
against a motion, it fails. In the event of a tie vote, the 
principal of the school votes to break the tie. For this 
voting scheme, determine the Banzhaf power index for 
each department member and for the principal. Hint: 
See Example 3, page 214.

 16.  Four voters, A, B, C, and D, make decisions by using 
the voting scheme h4: 3, 1, 1, 1j, except when there is 
a tie. In the event of a tie, a �fth voter, E, casts a vote 
to break the tie. For this voting scheme, determine the 
Banzhaf power index for each voter, including voter E. 
Hint: See Example 3, page 214.

 17.  Criminal Justice In a criminal trial, each of the 
12 jurors has one vote and all of the jurors must agree 
to reach a verdict. Otherwise the judge will declare a 
mistrial.

a.  Write the weighted voting system, in the form 
hq: w1, w2, w3, w4, ... , w12 j, used by these jurors.

b.  Is this weighted voting system a one-person, one-
vote system?

c.  Is this weighted voting system a veto power system?

d. Explain an easy way to determine the Banzhaf 
power index for each voter.

 18.  Criminal Justice In California civil court cases, 
each of the 12 jurors has one vote and at least 9 of the 
jury members must agree on the verdict.

a.  Write the weighted voting system, in the form 
hq: w1, w2, w3, w4, ... , w12 j, used by these jurors.

b.  Is this weighted voting system a one-person, one-
vote system?

c.  Is this weighted voting system a veto power system?

d.  Explain an easy way to determine the Banzhaf 
power index for each voter.

ExErCISE SET 4.3 

Each section ends with an EXCURSION along with corresponding EXCURSION  
EXERCISES. These activities engage students in the mathematics of the section. Some 
Excursions are designed as in-class cooperative learning activities that lend themselves to 
a hands-on approach. They can also be assigned as projects or extra credit assignments. 
The Excursions are a unique and important feature of this text. They provide opportuni-
ties for students to take an active role in the learning process.
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interesting questions that arise when guests arrive to 
stay at the hotel.

Mary Pat Campbell has written a song about 
a hotel with an in�nite number of rooms. Her song 
is titled Hotel Aleph Null—yeah. Here are the 
lyrics for the chorus of her song, which is to be 
sung to the tune of Hotel California by the Eagles 
(Source: http://www.marypat.org/mathcamp/doc2001/
hellrelays.html#hotel).4

Hotel Aleph Null—yeah 
Welcome to the Hotel Aleph Null—yeah 
What a lovely place (what a lovely place) 
Got a lot of space 
Packin’ em in at the Hotel Aleph Null—yeah 
Any time of year 
You can find space here

4 Reprinted by permission of Mary Pat Campbell.
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 Any line through C that intersects the semicircle at 
a point other than one of its endpoints will intersect 
line L1 at a unique point. Also, any line through C 
that intersects line L1 will intersect the semicircle at a 
unique point that is not an endpoint of the semicircle. 
What can we conclude from this correspondence?

 30. The Hilbert Hotel The Hilbert Hotel is an 
imaginary hotel created by the mathematician 

David Hilbert (1862–1943). The hotel has an in�nite 
number of rooms. Each room is numbered with a  
natural number—room 1, room 2, room 3, and so on. 
Search the Internet for information on Hilbert’s Hotel. 
Write a few paragraphs that explain some of the 

2.1 Basic Properties of Sets

The Roster Method The roster method is used to represent a set by 
listing each element of the set inside a pair of braces. Commas are used 
to separate the elements. 

See Example 1 on page 48, and then try 
Exercises 1 and 2 on page 101.

Basic Number Sets 
Natural Numbers or Counting Numbers N � {1, 2, 3, 4, 5, ...}
Whole Numbers W � {0, 1, 2, 3, 4, 5, ...}
Integers I � {..., 24, 23, 22, 21, 0, 1, 2, 3, 4, ...}
Rational Numbers Q � the set of all terminating or repeating  

decimals
Irrational Numbers � � the set of all nonterminating, nonrepeating 

decimals
Real Numbers R � the set of all rational or irrational numbers

See Example 3 and Check Your Progress 3 
on page 49, and then try Exercises  
3 to 6 on page 101.

Set-Builder Notation Set-builder notation is used to represent a set, by 
describing its elements. 

See Example 5 on page 50, and then try 
 Exercises 7 to 10 on page 101.

Cardinal Number of a Finite Set The cardinal number of a �nite set 
is the number of elements in the set. The cardinal number of a �nite set 
A is denoted by the notation n(A). 

See Example 6 on page 51, and then try 
 Exercises 63 to 67 on page 103.

Equal Sets and Equivalent Sets Two sets are equal if and only if they 
have exactly the same elements. Two sets are equivalent if and only if 
they have the same number of elements. 

See Example 7 on page 52, and then try 
Exercises 11 and 12 on page 101.

chapter 2 Summary
The following table summarizes essential concepts in this chapter. The references given in the right-hand column list 
Examples and Exercises that can be used to test your understanding of a concept.

continued
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■ In Exercises 1 to 4, determine whether the argument is an 
example of inductive reasoning or deductive reasoning.

 1.  All books written by J. K. Rowling make the best-seller 
list. The book Harry Potter and the Deathly Hallows is 
a J. K. Rowling book. Therefore, Harry Potter and the 
Deathly Hallows made the bestseller list.

 2.  Samantha got an A on each of her �rst four math tests, 
so she will get an A on the next math test.

 3.  We had rain each day for the last �ve days, so it will 
rain today.

 4.  All amoeba multiply by dividing. I have named the 
amoeba shown in my microscope Amelia. Therefore, 
Amelia multiplies by dividing.

 5.  Find a counterexample to show that the following con-
jecture is false.

  Conjecture: For all numbers x, x4 . x.

 6.  Find a counterexample to show that the following con-
jecture is false.

   Conjecture: For all counting numbers n, 
n3 + 5n + 6

6
 

is an even counting number.

 7.  Find a counterexample to show that the following con-
jecture is false.

Conjecture: For all numbers x, (x + 4)2 = x2 + 16.

 8.  Find a counterexample to show that the following con-
jecture is false.

Conjecture: For numbers a and b, (a + b)3 = a3 + b3.

 9.  Use a difference table to predict the next term of each 
sequence.

a.  22, 2, 12, 28, 50, 78, ?

b.  24, 21, 14, 47, 104, 191, 314, ?

chaptER 1 Review exeRcises

A4 Answers to All Exercises

  39. a. Place four coins on the left balance pan and the other four on the right balance pan. The pan that is the higher contains the fake coin. Take the 
four coins from the higher pan and use the balance scale to compare the weight of two of these coins to the weight of the other two. The pan that is the 
higher contains the fake coin. Take the two coins from the higher pan and use the balance scale to compare the weight of one of these coins to the weight 
of the other. The pan that is the higher contains the fake coin. This procedure enables you to determine the fake coin in three weighings.   b. Place 
three of the coins on one of the balance pans and another three coins on the other. If the pans balance, then the fake coin is one of the two remaining coins. 
You can use the balance scale to determine which of the remaining coins is the fake coin because it will be lighter than the other coin. If the three coins  
on the left pan do not balance with the three coins on the right pan, then the fake coin must be one of the three coins on the higher pan. Pick any two  
coins from these three and place one on each balance pan. If these two coins do not balance, then the one that is the higher is the fake. If the coins balance, 
then the third coin (the one that you did not place on the balance pan) is the fake. In any case, this procedure enables you to determine the fake coin in 
two weighings.    40. c. 21: 00. 2 hours later (23:00, 1 hour before midnight) is half the time until midnight as 1 hour later (22:00, 2 hours before 
midnight).    41. a.  1600. Sally likes perfect squares.    42. b. No. The other 800 elephants can be any mix of all blue and pink and green 
stripes.    43. d.  64. Each number is the cube of a term in the sequence 1, 2, 3, 4, 5,  6.    44. a. 318 = 387,420,489 times as large    
b. 4240 times as large    45. a. People born in 1980 will be 45 in 2025 (2025 = 452).   b. 2070, because people born in 2070 will be 46 in 
2116 (2116 = 462).    46. Adding 83 is the same as adding 100 and subtracting  17. Thus after you add 83, you will have a number that has 1 as the 
hundreds digit. The number formed by the tens digit and the units digit will be 17 less than your original number. After you add the hundreds digit, 1, to the 
other two digits of this new number, you will have a number that is 16 less than your original number. If you subtract this number from your original number, 
you must get  16.    47. 612 digits    48. 
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4
6

6
4
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3

5 1
    49. Answers will vary.    50.  M = 1, S = 9, E = 5, 

N = 6, D = 7, O = 0, 
R = 8, Y = 2   

chApter 1 review exercises  page 41

 1. deductive [Sec.  1.1]    2. inductive [Sec.  1.1]    3. inductive [Sec.  1.1]    4. deductive [Sec.  1.1]     
 5. x = 0 provides a counterexample because 04 = 0 and 0 is not greater than  0. [Sec.  1.1]    6. x = 4 provides a counterexample because
(4)3 + 5(4) + 6

6
= 15, which is not an even counting number. [Sec.  1.1]    7. x = 1 provides a counterexample because f(1) + 4g2 = 25, but 

(1)2 + 16 = 17. [Sec.  1.1]    8. Let a = 1 and b = 1. Then (a + b)3 = (1 + 1)3 = 23 = 8. However, a3 + b3 = 13 + 13 = 2. [Sec.  1.1]    
 9. a. 112   b. 479 [Sec.  1.2]    10. a. 272   b. 2768 [Sec.  1.2]    11. a1 = 1, a2 = 12, a3 = 31, a4 = 58, a5 = 93, 
a20 = 1578 [Sec.  1.2]    12. a11 = 89, a12 = 144 [Sec.  1.2]    13. an = 3n [Sec.  1.2]    14. an = n2 + 3n + 4 [Sec.  1.2]    
 15. an = n2 + 3n + 2 [Sec.  1.2]    16. an = 5n − 1 [Sec.  1.2]    17. 320 feet by 1600 feet [Sec.  1.3]    18. 315 = 14,348,907 ways 
[Sec.  1.3]    19. 48 skyboxes [Sec.  1.3]    20. On the �rst trip, the rancher takes the rabbit across the river. The rancher returns alone. The rancher 
takes the dog across the river and returns with the rabbit. The rancher next takes the carrots across the river and returns alone. On the �nal trip, the rancher 
takes the rabbit across the river. [Sec.  1.3]    21. $300 [Sec.  1.3]    22. 105 handshakes [Sec.  1.3]    23. Answers will vary. [Sec.  1.3]    
24. Answers will vary. [Sec.  1.3]    25. Michael: biology major; Clarissa: business major; Reggie: computer science major; 
Ellen: chemistry major [Sec.  1.1]    26. Dodgers: drugstore; Pirates: supermarket; Tigers: bank; Giants: service station [Sec.  1.1]   
 27. a. Yes. Answers will vary.   b. No. The countries of India, Bangladesh, and Myanmar all share borders with each of the other two countries. 
Thus at least three colors are needed to color the map. [Sec.  1.1]    28. a. The following �gure shows a route that starts from North Bay and passes 
over each bridge once and only once.   b. No. [Sec.  1.3]   

North Bay

South Bay

  

CHAPTER REVIEW EXERCISES are found near the end of each chapter. These exer-
cises were selected to help the student integrate the major topics presented in the chapter. 
The answers to all the Chapter Review exercises appear in the answer section along with 
a section reference for each exercise. These section references indicate the section or sec-
tions where a student can locate the concepts needed to solve the exercise.
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a. Find the linear correlation coef�cient for the data.

b. What is the signi�cance of the value found in part a?

c. Find the equation of the least-squares line.

d. Use the equation from part c to predict the 
maximum exercise heart rate for a person who is 72.

e. Is the procedure in part d an example of interpola-
tion or extrapolation?

 18. Fitness An aerobic exercise instructor remem-
bers the data given in the following table, which 

shows the recommended maximum exercise heart rates 
for individuals of the given ages.

Age (x years) 20 40 60

Maximum heart rate 
(y beats per minute)

170 153 136

b. Using 1 for 2009–2010, 2 for 2010–2011, and so on, 
�nd the linear correlation coef�cient and the equa-
tion of the least-squares line for the tuition and fees 
at public 4-year colleges and universities, based on 
the year.

c. Based on the linear correlation coef�cients you 
found in parts a and b, are the equations you wrote 
in parts a and b good models of the growth in tuition 
and fees at 4-year colleges and universities?

d. The equation of a least-squares line is written 
in the form ŷ = ax + b. Explain the meaning 

of the value of a for each equation you wrote in 
parts a and b.

 20. 

parts a and b.

Search for bivariate data (in a magazine, in 
a newspaper, in an almanac, or on the 

Internet) that can be closely modeled by a linear 
equation.

a. Draw a scatter diagram of the data.

b. Find the equation of the least-squares line and the 
linear correlation coef�cient for the data.

c. Graph the least-squares line on the scatter diagram 
in part a.

d. Use the equation of the least-squares line to predict 
a range value for a speci�c domain value.

 19. Tuition The following table shows the average 
annual tuition and fees at private and public 4-year col-
leges and universities for the school years 2009–2010 
through 2014–2015. (Source: National Center for Edu-
cation Statistics)

Four-year Colleges and Universities Tuition and Fees

Year Private Public

2009–2010 31,448 15,014

2010–2011 32,617 15,918

2011–2012 33,674 16,805

2012–2013 35,074 17,474

2013–2014 36,193 18,372

2014–2015 37,385 19,203

a. Using 1 for 2009–2010, 2 for 2010–2011, and so on, 
�nd the linear correlation coef�cient and the equa-
tion of the least-squares line for the tuition and fees 
at private 4-year colleges and universities, based on 
the year.

ExTEnsions

13.1 Measures of Central Tendency

Mean, Median, and Mode The mean of n numbers is the sum of the 
numbers divided by n. The median of a ranked list of n numbers is the 
middle number if n is odd, or the mean of the two middle numbers if n 
is even. The mode of a list of numbers is the number that occurs most 
frequently.

See Examples 1, 2, and 3 on pages 752 
to 754, and then try Exercise 1 on page 808.

chapter 13 Summary
The following table summarizes essential concepts in this chapter. The references given in the right-hand column list 
Examples and Exercises that can be used to test your understanding of a concept.

continued

EXTENSIONS EXERCISES are placed at the end of each exercise 
set. These exercises are designed to extend concepts. In most cases 
these exercises are more challenging and require more time and 
effort than the preceding exercises. 

At the end of each chapter is a CHAPTER SUMMARY that describes 
the concepts presented in each section of the chapter. Each concept 
is paired with page numbers of examples that illustrate the concept 
and exercises that students can use to test their understanding of  
a concept.
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■

the given statement is related to the original statement in the 
manner indicated.

 75.  Converse: If x . 2, then x is an odd prime number.

 76.  Negation:  The senator will attend the meeting and she 
will not vote on the motion.

 77.  Inverse:  If their manager will not contact me, then I 
will not purchase any of their products.

 78.  Contrapositive:  If Ginny can’t rollerblade, then I can’t 
rollerblade.

■ In Exercises 79 to 82, use a truth table to determine 
whether the argument is valid or invalid.

 79.  (p ` ,q) ` (,p l q) 80. 

 p      

  [  ,q

 81.  r  82. 
 p l ,r 

 ,p l q

[  p ` q
■ In Exercises 83 to 88, determine whether the argument 
is valid or invalid by comparing its symbolic form with the 
symbolic forms in Tables 3.15 and 3.16, pages 145 and 146.

 83.  We will serve either �sh or chicken for lunch. We did 
not serve �sh for lunch. Therefore, we served chicken 
for lunch.

 p l ,q

 q  

[  ,p

 (p ~ ,r) l (q ` r)
 r ` p

[  p ~ q

 86.  Robert can charge it on his MasterCard or his Visa. 
Robert does not use his MasterCard. Therefore, Robert 
charged it to his Visa.

 87.  If we are going to have a caesar salad, then we need to 
buy some eggs. We did not buy eggs. Therefore, we are 
not going to have a caesar salad.

 88.  If we serve lasagna, then Eva will not come to our 
dinner party. We did not serve lasagna. Therefore, Eva 
came to our dinner party.

■ In Exercises 89 to 92, use an Euler diagram to determine 
whether the argument is valid or invalid.

 89.  No wizard can yodel.

 All lizards can yodel.

[  No wizard is a lizard.

 90.  Some dogs have tails.

 Some dogs are big.

[  Some big dogs have tails.

 91.  All Italian villas are wonderful. Some wonderful 
villas are expensive. Therefore, some Italian villas are 
expensive.

 92.  All logicians like to sing “It’s a small world after all.” 
Some logicians have been presidential candidates. 
Therefore, some presidential candidates like to sing 
“It’s a small world after all.”

 1.  Determine whether each sentence is a statement.

a. Look for the cat.

b. Clark Kent is afraid of the dark.

 2.  Write the negation of each statement. Start each nega-
tion with “Some,” “No,” or “All.”

a. Some trees are not green.

b. No apartments are available.

 3.  Determine whether each statement is true or false.

a. 5 # 4

b. 22 $ 22

 4.  Determine the truth value of each statement given that 
p is true, q is false, and r is true.

a. ( p ~ ,q) ` (,r ` q)
b. (r ~ ,p) ~ f( p ~ ,q) i (q l r)g

■ In Exercises 5 and 6, construct a truth table for the given 
statement.

 5. ,( p ` ,q) ~ (q l p) 6. (r i ,q) ` ( p l q)
 7.  Use one of De Morgan’s laws to write the following in 

an equivalent form.

Elle did not eat breakfast and she did not take 
a lunch break.

 8. What is a tautology? 

 9.  Write p l q in its equivalent disjunctive form.

 10.  Determine whether the given statement is true or false. 
Assume that x, y, and z are real numbers.

a. x = y if uxu = uyu.  b. If x . y, then xz . yz.

chapter 3 TesT

Math Matters
This feature of the text typically contains 
an interesting sidelight about mathematics, 
its history, or its applications.

other Key Features
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Solution

a. The restaurant can serve a pizza with no topping, one topping, two toppings, three 
toppings, and so forth, up to all seven toppings. 

Let T be the set consisting of the seven toppings. The elements in each subset 
of T describe exactly one of the variations of toppings that the restaurant can serve. 
Consequently, the number of different variations of pizzas that the restaurant can 
serve is the same as the number of subsets of T. 

Thus the restaurant can serve 27 = 128 different variations of its pizzas. 

b. Use the method of guessing and checking to �nd the smallest natural number n for 
which 2n . 1000. 

 28 = 256

 29 = 512

 210 = 1024

The restaurant must provide a minimum of 10 toppings if it wishes to offer over 1000 
variations of its pizzas. 

CHECk youR PRogRESS 5 A company makes a car with 11 upgrade options.

a. How many different versions of this car can the company produce? Assume that 
each upgrade option is independent of the other options.

b. What is the minimum number of upgrade options the company must provide if it 
wishes to offer at least 8000 different versions of this car? 

Solution See page S4. ◀

 
The Barber’s Paradox

Some problems that concern sets have led to paradoxes. For instance, in 1902, the 
mathematician Bertrand Russell developed the following paradox. “Is the set A of all 
sets that are not elements of themselves an element of itself?” Both the assumption 
that A is an element of A and the assumption that A is not an element of A lead to a 
contradiction. Russell’s paradox has been popularized as follows.

The town barber shaves all males who do not shave themselves, and he 
shaves only those males. The town barber is a male who shaves. Who 
shaves the barber?

The assumption that the barber shaves himself leads to a contradiction, and the 
assumption that the barber does not shave himself also leads to a contradiction.
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Subsets and Complements of Fuzzy Sets

This excursion extends the concept of fuzzy sets that was developed in the Excursion in 
Section 2.1. Recall that the elements of a fuzzy set are ordered pairs. For any ordered pair 
(x, y) of a fuzzy set, the membership value y is a real number such that 0 # y # 1.

E x c u r s i o n

 Answers to All Exercises A19

 70. a. Converse: If they come, then you built it.   b. Inverse: If you do not build it, then they will not come.   c. Contrapositive: If they do not 
come, then you did not build it. [Sec.  3.4]    71. a. Converse: If it has exactly two parallel sides, then it is a trapezoid.   
b. Inverse: If it is not a trapezoid, then it does not have exactly two parallel sides.   c. Contrapositive: If it does not have exactly two parallel sides, 
then it is not a trapezoid. [Sec.  3.4]    72. a. Converse: If they returned, then they liked it.   b. Inverse: If they do not like it, then they will not 
return.   c. Contrapositive: If they do not return, then they did not like it. [Sec.  3.4]    73. q l p, the converse of the original statement  
[Sec.  3.4]    74. True    75. If x is an odd prime number, then x . 2. [Sec.  3.4]    76. If the senator attends the meeting, then she will vote 
on the motion. [Sec.  3.4]    77. If their manager contacts me, then I will purchase some of their products. [Sec.  3.4]    78. If I can rollerblade, 
then Ginny can rollerblade. [Sec.  3.4]    79. Valid [Sec.  3.5]    80. Valid [Sec.  3.5]    81. Invalid [Sec.  3.5]   
 82. Valid [Sec.  3.5]    83. Valid argument, disjunctive reasoning [Sec.  3.5]    84. Valid argument, transitive reasoning [Sec.  3.5]   
 85. Invalid argument, fallacy of the inverse [Sec.  3.5]    86. Valid argument, disjunctive reasoning [Sec.  3.5]   
 87. Valid argument, contrapositive reasoning [Sec.  3.5]    88. Invalid argument, fallacy of the inverse [Sec.  3.5]    89. Valid [Sec.  3.6]   
 90. Invalid [Sec.  3.6]    91. Invalid [Sec.  3.6]    92. Valid [Sec.  3.6]   

chApter 3 test  page 166

 1. a. Not a statement   b. Statement [Sec.  3.1, Example 1]    2. a. All trees are green.   b. Some apartments are available. [Sec.  3.1, 
Example 2]    3. a. False   b. True [Sec.  3.1, Example 6]    4. a. False   b. True [Sec.  3.3, Example 3]   

p q
5. 

[Sec. 3.3, Example 3]

T T T

T F T

F T T

F F T

   

p q r
6. 

[Sec. 3.3, Example 3]

T T T F

T T F T

T F T F

T F F F

F T T F

F T F T

F F T T

F F F F

       7. It is not true that Elle ate breakfast or took a lunch break. [Sec.  3.2, Example 5]   

 8. A tautology is a statement that is always true. [Sec.  3.2, Example 6]    9. ,p ~ q [Sec.  3.3, Example 4]    10. a. False   
b. False [Sec.  3.3, Example 2]    11. a. Converse: If x . 4, then x + 7 . 11.   b. Inverse: If x + 7 # 11, then x # 4.   
c. Contrapositive: If x # 4, then x + 7 # 11. [Sec.  3.4, Example 2]   
 12.  p l q

 p

� q

 

[Sec.  3.5, Table 3.15]

    13.  p l q
 q l r

� p l r

 

[Sec.  3.5, Table 3.15]

    14.  p l q
 ,q

� ,p

 

[Sec.  3.5, Table 3.15]

   

15.  p l q
 ,p

� ,q

 

[Sec.  3.5, Table 3.16]

    16. Valid [Sec.  3.5, Example 2]   

 17. Invalid [Sec.  3.5, Example 3]    18. Invalid argument; the argument is a fallacy of the inverse. [Sec.  3.5, Table 3.16]   
 19. Valid argument; disjunctive reasoning [Sec.  3.5, Table 3.15]    20. Invalid argument, as shown by an Euler diagram [Sec.  3.6, Example 2]    
21. Invalid argument, as shown by an Euler diagram [Sec.  3.6, Example 2]    22. Invalid argument; the argument is a fallacy of the converse.  
[Sec.  3.5, Table 3.16]

The CHAPTER TEST exercises are designed to emulate a possible test of the material 
in the chapter. The answers to all the Chapter Test exercises appear in the answer section 
along with a section reference and an example reference for each exercise. The section 
references indicate the section or sections where a student can locate the concepts needed 
to solve the exercise, and the example references allow students to readily �nd an example 
that is similar to a given test exercise.
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35221251

2516941

1510631
Triangular Numbers

Square Numbers

Pentagonal Numbers

 

FiguRE 1.1

Excursion ExErcisEs

 1.  Extend Figure 1.1 above by constructing drawings of the sixth triangular number, 
the sixth square number, and the sixth pentagonal number.

 2.  The �gure below shows that the fourth triangular number, 10, added to the �fth tri-
angular number, 15, produces the �fth square number, 25.

a.  Use a drawing to show that the �fth triangular number added to the sixth trian-
gular number is the sixth square number.

b.  Verify that the 50th triangular number added to the 51st triangular number is 
the 51st square number. Hint: Use a numerical approach; don’t use a drawing.

c.  Use nth-term formulas to verify that the sum of the nth triangular number and 
the (n + 1)st triangular number is always the square number (n + 1)2.

 3.  Construct a drawing of the fourth hexagonal number.
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Pythagoras  
(c. 580 b.c.–520 
b.c.) the ancient 
Greek philoso-
pher and 
mathematician 
Pythagoras  

(pı̆-thăg9

er- es) formed a secret 
brotherhood that investigated 
topics in music, astronomy, philos-
ophy, and mathematics. the 
Pythagoreans believed that the 
nature of the universe was directly 
related to mathematics and that 
whole numbers and the ratios 
formed by whole numbers could 
be used to describe and represent 
all natural events.

the Pythagoreans were  
particularly intrigued by the 
number 5 and the shape of a pen-
tagon. they used the following 
figure, which is a five-pointed star 
inside a regular pentagon, as a 
secret symbol that could be used 
to identify other members of the 
brotherhood.
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Solution

a. Label the simple statements.

 i: The program is interesting.

 w: I will watch the basketball game.

In symbolic form the argument is

 i ~ w

 ,i

 [ w

This symbolic form matches one of the standard forms known as disjunctive 
reasoning. Thus the argument is valid.

b. Label the simple statements.

 c: I have a cold.

 s: I find it difficult to sleep.

In symbolic form the argument is

 c l s

 s

 [ c

This symbolic form matches the standard form known as the fallacy of the 
converse. Thus the argument is invalid. Having a cold is not the only cause of 
sleep dif�culties. For instance, you may �nd it dif�cult to sleep because you are 
thinking about logic.

ChECk yOur prOgrESS 5 Use a standard form from Table 3.15 or Table 3.16 
to determine whether the following arguments are valid or invalid.

a.  If I go to Florida for spring break, then I will not study.

 I did not go to Florida for spring break.

 [ I studied.

b.  If you helped solve the crime, then you should be rewarded.

 You helped solve the crime.

 [ You should be rewarded.

Solution See page S10. ◀

Consider an argument with the following symbolic form.

 q l r   Premise 1

 r l s   Premise 2

 ,t l ,s   Premise 3

 q    Premise 4

 [ t

To determine whether the argument is valid or invalid using a truth table would require a 
table with 24 = 16 rows. It would be time consuming to construct such a table and, with 
the large number of truth values to be determined, we might make an error. Thus we 

POINT OF INTEREST
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Waterfall by M.C. Escher

M.C. Escher (1898–1972) created 
many works of art that defy logic. 
In this lithograph, the water com-
pletes a full cycle even though 
the water is always traveling 
downward.

Historical Note
These margin notes provide his-
torical background information 
related to the concept under dis-
cussion or vignettes of individu-
als who were responsible for ma-
jor advancements in their �elds 
of expertise.

Point of Interest
These short margin notes provide in-
teresting information related to the 
mathematical topics under discussion. 
Many of these are of a contemporary 
nature and, as such, they help students 
understand that math is an interesting 
and dynamic discipline that plays an 
important role in their daily lives.

Calculator Note
These notes provide information 
about how to use the various fea-
tures of a calculator.

30 CHAP TER 1 |  Problem Solving

items, the second row has eight items, the third row has seven items, and so on. Thus 
10 teams require

9 + 8 + 7 + 6 + 5 + 4 + 3 + 2 + 1 = 45

games if each team plays every other team once, and 45 ? 3 = 135 games if each team 
plays exactly three games against each opponent.

CHECk youR PRogREss 3 If six people greet each other at a meeting by 
shaking hands with one another, how many handshakes will take place? 

solution See page S3. ◀

In Example 4 we make use of a table to solve a problem.

ExAmPlE 4 Apply Polya’s strategy (Make a table and look for a pattern)

Determine the digit 100 places to the right of the decimal point in the decimal rep-
resentation 7

27 .

solution

Understand the Problem Express the fraction 7
27 as a decimal and look for a pattern 

that will enable us to determine the digit 100 places to the right of the decimal point.

Devise a Plan Dividing 27 into 7 by long division or by using a calculator produces 
the decimal 0.259259259... . Since the decimal representation repeats the digits 259 
over and over forever, we know that the digit located 100 places to the right of the deci-
mal point is either a 2, a 5, or a 9. A table may help us to see a pattern and enable us to 
determine which one of these digits is in the 100th place. Since the decimal digits repeat 
every three digits, we use a table with three columns.

The First 15 Decimal Digits of 
7

27

CalCulator Note

Some calculators display 7
27 as 

0.25925925926. However, the last 
digit 6 is not correct. It is a result 
of the rounding process. The actual 
decimal representation of 7

27 is  
the decimal 0.259259... or 0.259, 
in which the digits continue to 
repeat the 259 pattern forever.

 as 
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ChECk yOur prOgrESS 2 

a.  Construct a truth table for (,p ` r) ~ (q ` ,r).
b.  Use the truth table that you constructed in part a to determine the truth value of 

(,p ` r) ~ (q ` ,r), given that p is false, q is true, and r is false.

Solution See page S8. ◀

Alternative Method for the Construction of a Truth Table

In Example 3 we use an alternative procedure to construct a truth table. 

Alternative Procedure for Constructing a Truth Table

 1.  If the given statement has n simple statements, then start with a standard form that 
has 2n rows. Enter the truth values for each simple statement and their negations.

 2. Use the truth values for each simple statement and their negations to enter the 
truth values under each connective within a pair of grouping symbols, including 
parentheses ( ), brackets [ ], and braces { }. If some grouping symbols are 
nested inside other grouping symbols, then work from the inside out. In any 
situation in which grouping symbols have not been used, then we use the fol-
lowing order of precedence agreement.
 First assign truth values to negations from left to right, followed by conjunc-
tions from left to right, followed by disjunctions from left to right, followed by 
conditionals from left to right, and �nally by biconditionals from left to right.

 3. The truth values that are entered into the column under the connective for which 
truth values are assigned last, form the truth table for the given statement.

TAke NoTe

The alternative procedure for 
constructing a truth table, as 
described to the right, generally 
requires less writing, less time, 
and less effort than the truth table 
procedure that was used in Exam-
ples 1 and 2.

Take Note
These notes alert students to a point 
requiring special attention, or they 
are used to amplify the concepts 
currently being developed.
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instructor resources

Annotated Instructor’s Edition (ISBN 978-1-305-96559-
1): The Annotated Instructor’s Edition features answers to all 
problems in the book.

Complete Solutions Manual: This manual contains com-
plete solutions to all the problems in the text. Available on the 
Instructor Companion Site.

MindTap: Through personalized paths of dynamic assign-
ments and applications, MindTap is a digital learning solu-
tion and representation of your course that turns cookie cutter 
into cutting edge, apathy into engagement, and memorizers 
into higher-level thinkers.

The Right Content: With MindTap’s carefully 
curated material, you get the precise content and 
groundbreaking tools you need for every course you 
teach.

Personalization: Customize every element of your 
course—from rearranging the learning path to inserting 
videos and activities.

Improved Work�ow: Save time when planning lessons 
with all of the trusted, most current content you need in 
one place in MindTap.

Tracking Students’ Progress in Real Time: Promote 
positive outcomes by tracking students in real time and 
tailoring your course as needed based on the analytics.

Learn more at www.cengage.com/mindtap.

Cognero (ISBN: 978-1-305-96565-2): Cengage Learning 
Testing Powered by Cognero is a �exible, online system that 
allows you to author, edit, and manage test bank content 
from multiple Cengage Learning solutions; create multiple 
test versions in an instant; and deliver tests from your LMS, 
your classroom, or wherever you want. Access to Cognero is 
available on the Instructor Companion Site.

Instructor Companion Site: This collection of book-speci�c 
lecture and class tools is available online at www.cengage 
.com/login. Access and download PowerPoint presentations, 
the solutions manual, and more.

Student resources

Student Solutions Manual (ISBN: 978-1-305-96561-4): 
Go beyond the answers—see what it takes to get there and 
improve your grade! This manual provides worked-out, step-
by-step solutions to the odd-numbered problems in the text. 
You’ll have the information you need to truly understand 
how the problems are solved.

MindTap: MindTap is a digital representation of your course 
that provides you with the tools you need to better manage 
your limited time, stay organized, and be successful. You can 
complete assignments whenever and wherever you are ready 
to learn, with course material specially customized for you 
by your instructor and streamlined in one proven, easy-to-
use interface. With an array of study tools, you’ll get a true 
understanding of course concepts, achieve better grades, and 
set the groundwork for your future courses. Learn more at 
www.cengage.com/mindtap.

CengageBrain: Visit www.cengagebrain.com to access ad-
ditional course materials and companion resources. At the 
CengageBrain.com home page, search for the ISBN of your 
title (from the back cover of your book) using the search box 
at the top of the page. This will take you to the product page 
where free companion resources can be found.
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Welcome to Mathematical Excursions, Fourth Edition. As you begin this course, we 
know two important facts: (1) You want to succeed. (2) We want you to succeed. In order 
to accomplish these goals, an effort is required from each of us. For the next few pages, 
we are going to show you what is required of you to achieve your goal and how we have 
designed this text to help you succeed.

Motivation

One of the most important keys to success is motivation. We can try to motivate you 
by offering interesting or important ways that you can bene�t from mathematics. But, 
in the end, the motivation must come from you. On the �rst day of class it is easy to be  
motivated. Eight weeks into the term, it is harder to keep that motivation.

To stay motivated, there must be outcomes from this course that are worth your time, 
money, and energy. List some reasons you are taking this course. Do not make a mental 
list—actually write them out. Do this now.

Although we hope that one of the reasons you listed was an interest in mathematics, 
we know that many of you are taking this course because it is required to graduate, it is 
a prerequisite for a course you must take, or because it is required for your major. If you 
are motivated to graduate or complete the requirements for your major, then use that mo-
tivation to succeed in this course. Do not become distracted from your goal to complete 
your education!

Commitment

To be successful, you must make a commitment to succeed. This means devoting time to 
math so that you achieve a better understanding of the subject.

List some activities (sports, hobbies, talents such as dance, art, or music) that you 
enjoy and at which you would like to become better. Do this now.

Next to these activities, put the number of hours each week that you spend practicing 
these activities.

Whether you listed sur�ng or sailing, aerobics or restoring cars, or any other activity 
you enjoy, note how many hours a week you spend on each activity. To succeed in math, 
you must be willing to commit the same amount of time. Success requires some sacri�ce.

the “i Can’t do Math” Syndrome

There may be things you cannot do, such as lift a two-ton boulder. You can, however, 
do math. It is much easier than lifting the two-ton boulder. When you �rst learned the 
activities you listed above, you probably could not do them well. With practice, you got 
better. With practice, you will be better at math. Stay focused, motivated, and committed 
to success.

It is dif�cult for us to emphasize how important it is to overcome the “I Can’t Do 
Math Syndrome.” If you listen to interviews of very successful athletes after a particu-
larly bad performance, you will note that they focus on the positive aspect of what they 
did, not the negative. Sports psychologists encourage athletes to always be positive—to 
have a “can do” attitude. You need to develop this attitude toward math.

AiM for Success

TAkE NoTE

Motivation alone will not lead to 
success. For instance, suppose 
a person who cannot swim is 
placed in a boat, taken out to the 
middle of a lake, and then thrown 
overboard. That person has a lot 
of motivation to swim but there is 
a high likelihood the person will 
drown without some help.  
Motivation gives us the desire 
to learn but is not the same as 
learning.
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Strategies for Success

Know the Course Requirements To do your best in this course, you must know ex-
actly what your instructor requires. Course requirements may be stated in a syllabus, 
which is a printed outline of the main topics of the course, or they may be presented 
orally. When they are listed in a syllabus or on other printed pages, keep them in a safe 
place. When they are presented orally, make sure to take complete notes. In either case, 
it is important that you understand them completely and follow them exactly. Be sure you 
know the answer to each of the following questions.

  1. What is your instructor’s name?
  2. Where is your instructor’s of�ce?
  3. At what times does your instructor hold of�ce hours?
  4. Besides the textbook, what other materials does your instructor require?
  5. What is your instructor’s attendance policy?
  6. If you must be absent from a class meeting, what should you do before returning to 

class? What should you do when you return to class?
  7. What is the instructor’s policy regarding collection or grading of homework 

assignments?
  8. What options are available if you are having dif�culty with an assignment? Is there 

a math tutoring center?
  9. If there is a math lab at your school, where is it located? What hours is it open?
 10. What is the instructor’s policy if you miss a quiz?
 11. What is the instructor’s policy if you miss an exam?
 12. Where can you get help when studying for an exam?

Remember: Your instructor wants to see you succeed. If you need help, ask! Do not fall 
behind. If you were running a race and fell behind by 100 yards, you may be able to catch 
up, but it will require more effort than if you had not fallen behind.

Time Management We know that there are demands on your time. Family, work, 
friends, and entertainment all compete for your time. We do not want to see you receive 
poor job evaluations because you are studying math. However, it is also true that we do not 
want to see you receive poor math test scores because you devoted too much time to work. 
When several competing and important tasks require your time and energy, the only way 
to manage the stress of being successful at both is to manage your time ef�ciently.

Instructors often advise students to spend twice the amount of time outside of class 
studying as they spend in the classroom. Time management is important if you are to  
accomplish this goal and succeed in school. The following activity is intended to help you 
structure your time more ef�ciently.

Take out a sheet of paper and list the names of each course you are taking this term, 
the number of class hours each course meets, and the number of hours you should spend 
outside of class studying course materials. Now create a weekly calendar with the days of 
the week across the top and each hour of the day in a vertical column. Fill in the calendar 
with the hours you are in class, the hours you spend at work, and other commitments such 
as sports practice, music lessons, or committee meetings. Then �ll in the hours that are 
more �exible, such as study time, recreation, and meal times.

Monday Tuesday Wednesday Thursday Friday Saturday Sunday

10–11 a.m. History Rev Spanish History Rev Span Vocab History Jazz Band

11–12 p.m. Rev History Spanish Study group Spanish Math tutor Jazz Band

12–1 p.m. Math Math Math Soccer

TAkE NoTE

Besides time management, there 
must be realistic ideas of how 
much time is available. There are 
very few people who can suc-
cessfully work full-time and go 
to school full-time. If you work 
40 hours a week, take 15 units, 
spend the recommended study 
time given at the right, and sleep 
8 hours a day, you use over 80% 
of the available hours in a week. 
That leaves less than 20% of 
the hours in a week for family, 
friends, eating, recreation, and 
other activities.
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We know that many of you must work. If that is the case, realize that working 10 hours a 
week at a part-time job is equivalent to taking a three-unit class. If you must work, con-
sider letting your education progress at a slower rate to allow you to be successful at both 
work and school. There is no rule that says you must �nish school in a certain time frame.

Schedule Study Time As we encouraged you to do by �lling out the time management 
form, schedule a certain time to study. You should think of this time like being at work or 
class. Reasons for “missing study time” should be as compelling as reasons for missing 
work or class. “I just didn’t feel like it” is not a good reason to miss your scheduled study 
time. Although this may seem like an obvious exercise, list a few reasons you might want 
to study. Do this now.

Of course we have no way of knowing the reasons you listed, but from our experi-
ence one reason given quite frequently is “To pass the course.” There is nothing wrong 
with that reason. If that is the most important reason for you to study, then use it to stay 
focused.

One method of keeping to a study schedule is to form a study group. Look for peo-
ple who are committed to learning, who pay attention in class, and who are punctual. 
Ask them to join your group. Choose people with similar educational goals but different  
methods of learning. You can gain from seeing the material from a new perspective. 
Limit groups to four or �ve people; larger groups are unwieldy.

There are many ways to conduct a study group. Begin with the following suggestions 
and see what works best for your group.

 1. Test each other by asking questions. Each group member might bring two or three 
sample test questions to each meeting.

 2. Practice teaching each other. Many of us who are teachers learned a lot about our 
subject when we had to explain it to someone else.

 3. Compare class notes. You might ask other students about material in your notes 
that is dif�cult for you to understand.

 4. Brainstorm test questions.
 5. Set an agenda for each meeting. Set approximate time limits for each agenda item 

and determine a quitting time.

And now, probably the most important aspect of studying is that it should be done in rela-
tively small chunks. If you can study only three hours a week for this course (probably 
not enough for most people), do it in blocks of one hour on three separate days, preferably 
after class. Three hours of studying on a Sunday is not as productive as three hours of 
paced study.

Features of this text that Promote Success

Preparing for Class Before the class meeting in which your professor begins a new 
chapter, you should read the title of each section. Next, browse through the chapter mate-
rial, being sure to note each word in bold type. These words indicate important concepts 
that you must know to learn the material. Do not worry about trying to understand all the 
material. Your professor is there to assist you with that endeavor. The purpose of brows-
ing through the material is so that your brain will be prepared to accept and organize the 
new information when it is presented to you.

Math Is Not a Spectator Sport To learn mathematics you must be an active partici-
pant. Listening and watching your professor do mathematics is not enough. Mathematics 
requires that you interact with the lesson you are studying. If you have been writing down 
the things we have asked you to do, you were being interactive. There are other ways this 
textbook has been designed so that you can be an active learner.

Check Your Progress One of the key instructional features of this text is a completely 
worked-out example followed by a Check Your Progress.
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B2
AB2
O2

B2, O2
A2, B2, AB2, O2
O2

Source: American Red Cross

ExAmPlE 8 Applications of the Blood Transfusion Table

Use the blood transfusion table and Figures 2.3 and 2.4 to answer the following questions.

a. Can Sue safely be given a type O1 blood transfusion?

b.  Why is a person with type O2 blood called a universal donor?

Solution

a.  Sue’s blood type is A2. The blood transfusion table shows that she can safely 
receive blood only if it is type A2 or type O2. Thus it is not safe for Sue to 
receive type O1 blood in a blood transfusion.

b.  The blood transfusion table shows that all eight blood types can safely receive type 
O2 blood. Thus a person with type O2 blood is said to be a universal donor.

CHECk youR PRogRESS 8 Use the blood transfusion table and Figures 2.3 
and 2.4 to answer the following questions.

a.  Is it safe for Alex to receive type A2 blood in a blood transfusion?

b.  What blood type do you have if you are classi�ed as a universal recipient?

Solution See page S6. ◀

 
The Cantor Set

Consider the set of points formed by a line segment with a length of 1 unit. Remove 
the middle third of the line segment. Remove the middle third of each of the remain-
ing 2 line segments. Remove the middle third of each of the remaining 4 line seg-
ments. Remove the middle third of each of the remaining 8 line segments. Remove the 
middle third of each of the remaining 16 line segments.

The �rst �ve steps in the formation of the Cantor set
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Note that each Example is completely worked out and the Check Your Progress following 
the example is not. Study the worked-out example carefully by working through each step. 
You should do this with paper and pencil.

Now work the Check Your Progress. If you get stuck, refer to the page number follow-
ing the word Solution, which directs you to the page on which the Check Your Progress is 
solved—a complete worked-out solution is provided. Try to use the given solution to get a 
hint for the step you are stuck on. Then try to complete your solution.

When you have completed the solution, check your work against the solution we provide.

The following table shows the blood types that can safely be given during a blood 
transfusion to persons of each of the eight blood types.

Blood Transfusion Table

Recipient blood type Donor blood type

A1
B1
AB1
O1
A2
B2
AB2
O2

A1, A2, O1, O2
B1, B2, O1, O2
A1, A2, B1, B2, AB1, AB2, O1, O2
O1, O2
A2, O2
B2, O2
A2, B2, AB2, O2
O2

Source: American Red Cross
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b.  Why is a person with type O2 blood called a universal donor?
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receive blood only if it is type A2 or type O2. Thus it is not safe for Sue to 
receive type O1 blood in a blood transfusion.

b.  The blood transfusion table shows that all eight blood types can safely receive type 
O2 blood. Thus a person with type O2 blood is said to be a universal donor.

CHECk youR PRogRESS 8 Use the blood transfusion table and Figures 2.3 
and 2.4 to answer the following questions.

a.  Is it safe for Alex to receive type A2 blood in a blood transfusion?

b.  What blood type do you have if you are classi�ed as a universal recipient?

Solution See page S6. ◀
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Consider the set of points formed by a line segment with a length of 1 unit. Remove 
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Be aware that frequently there is more than one way to solve a problem. Your answer, 
however, should be the same as the given answer. If you have any question as to whether your 
method will “always work,” check with your instructor or with someone in the math center.

Remember: Be an active participant in your learning process. When you are sitting 
in class watching and listening to an explanation, you may think that you understand. 
However, until you actually try to do it, you will have no con�rmation of the new knowl-
edge or skill. Most of us have had the experience of sitting in class thinking we knew how 
to do something only to get home and realize we didn’t.

Rule Boxes Pay special attention to de�nitions, theorems, formulas, and procedures 
that are presented in a rectangular box, because they generally contain the most impor-
tant concepts in each section.

620 CHAP TER 11 |  The Mathematics of Finance

sECTion 11.1 simple interest

simple interest

When you deposit money in a bank—for example, in a savings account—you are permit-
ting the bank to use your money. The bank may lend the deposited money to customers 
to buy cars or make renovations on their homes. The bank pays you for the privilege of 
using your money. The amount paid to you is called interest. If you are the one borrow-
ing money from a bank, the amount you pay for the privilege of using that money is also 
called interest.

The amount deposited in a bank or borrowed from a bank is called the principal. 
The amount of interest paid is usually given as a percent of the principal. The percent 
used to determine the amount of interest is called the interest rate. If you deposit $1000 
in a savings account paying 5% interest per year, $1000 is the principal and the annual 
interest rate is 5%.

Interest paid on the original principal is called simple interest. The formula used to 
calculate simple interest is given below.

Simple Interest Formula
The simple interest formula is

I = Prt

where I is the interest, P is the principal, r is the interest rate, and t is the time 
period.

In the simple interest formula, the time t is expressed in the same units as the rate. 
For example, if the rate is given as an annual interest rate, then the time is measured in 
years; if the rate is given as a monthly interest rate, then the time must be expressed in 

HisTorical Note
The earliest loans date back to 
3000 b.c., and interest on those 
loans may have extended over 
generations, not 4 or 5 years, 
as is the case for today’s typical 
car loan. one of the first written 
records of an interest rate occurs 
in the code of Hammurabi. Ham-
murabi ruled Babylon from 1795 
to 1750 b.c. He is known for being 
the first ruler to write a set of laws 
that defined people’s rights. in this 
code, he allowed annual interest 
rates to be as high as 30%.

page 620
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Chapter Exercises When you have completed studying a section, do the section ex-
ercises. Math is a subject that needs to be learned in small sections and practiced con-
tinually in order to be mastered. Doing the exercises in each exercise set will help you 
master the problem-solving techniques necessary for success. As you work through the 
exercises, check your answers to the odd-numbered exercises against those in the back 
of the book.

Preparing for a Test There are important features of this text that can be used to 
prepare for a test.

■ Chapter Summary
■ Chapter Review Exercises
■ Chapter Test

After completing a chapter, read the Chapter Summary. (See page 99 for the Chapter 2 
Summary.) This summary highlights the important topics covered in each section of the 
chapter. Each concept is paired with page numbers of examples that illustrate the concept 
and exercises that will provide you with practice on the skill or technique.

Following the Chapter Summary are Chapter Review Exercises (see page 101). Do-
ing the review exercises is an important way of testing your understanding of the chap-
ter. The answer to each review exercise is given at the back of the book, along with, in 
brackets, the section reference from which the question was taken (see page A5). After 
checking your answers, restudy any section from which a question you missed was taken. 
It may be helpful to retry some of the exercises for that section to reinforce your problem-
solving techniques.

Each chapter ends with a Chapter Test (see page 103). This test should be used to 
prepare for an exam. We suggest that you try the Chapter Test a few days before your 
actual exam. Take the test in a quiet place and try to complete the test in the same amount 
of time you will be allowed for your exam. When taking the Chapter Test, practice the 
strategies of successful test takers: (1) scan the entire test to get a feel for the questions; 
(2) read the directions carefully; (3) work the problems that are easiest for you �rst; and 
perhaps most importantly, (4) try to stay calm.

When you have completed the Chapter Test, check your answers for each exercise 
(see page A6). Next to each answer is, in brackets, the reference to the section from which 
the question was taken and an example reference for each exercise. The section references 
indicate the section or sections where you can locate the concepts needed to solve a given 
exercise, and the example reference allows you to easily �nd an example that is similar 
to the given test exercise. If you missed a question, review the material in that section 
and rework some of the exercises from that section. This will strengthen your ability to 
perform the skills in that section.

Is it dif�cult to be successful? YES! Successful music groups, artists, professional 
athletes, teachers, sociologists, chefs, and       have to work very hard to achieve 
their goals. They focus on their goals and ignore distractions. The things we ask you to 
do to achieve success take time and commitment. We are con�dent that if you follow our 
suggestions, you will succeed.

Your career goal goes here. 
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1.1 Inductive and 
Deductive 
Reasoning

1.2 Problem Solving 
with Patterns

1.3 Problem-Solving  
Strategies

Problem Solving
Most occupations require good problem-solving skills. For 

instance, architects and engineers must solve many compli-

cated problems as they design and construct modern build-

ings that are aesthetically pleasing, functional, and that meet 

stringent safety requirements. Two goals of this chapter are to 

help you become a better problem solver and to demonstrate that 

problem solving can be an enjoyable experience.

One problem that many have enjoyed is the Monty Hall (host of the 

game show Let’s Make a Deal) problem, which is stated as follows. The grand 

prize in Let’s Make a Deal is behind one of three doors. Less desirable prizes 

(for instance, a goat and a box of candy) are behind the other two doors. You 

select one of the doors, say door 1. Monty Hall reveals one of the less desirable 

prizes behind one of the other doors. You are then given the opportunity either 

to stay with your original choice or to choose the remaining closed door.

1 2 3

Example: You choose door 1. Monty Hall reveals a goat behind
                  door 3. You can stay with door 1 or switch to door 2.

Marilyn vos Savant, author of the “Ask Marilyn” column featured in Parade 

Magazine, analyzed this problem,1 claiming that you double your chances of 

winning the grand prize by switching to the other closed door. Many readers, 

including some mathematicians, responded with arguments that contradicted 

Marilyn’s analysis.

What do you think? Do you have a better chance of winning the grand prize 

by switching to the other closed door or staying with your original choice?

Of course there is also the possibility that it does not matter, if the chances 

of winning are the same with either strategy.

Discuss the Monty Hall problem with some of your friends and classmates. 

Is everyone in agreement? Additional information on this problem is given in 

Exploration Exercise 54 on page 14.

1  “Ask Marilyn,” Parade Magazine, September 9, 1990, p. 15.
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sECTion 1.1 inductive and Deductive Reasoning

inductive Reasoning

The type of reasoning that forms a conclusion based on the examination of speci�c exam-
ples is called inductive reasoning. The conclusion formed by using inductive reasoning is 
a conjecture, since it may or may not be correct.

Inductive Reasoning
Inductive reasoning is the process of reaching a general conclusion by examining 
speci�c examples.

When you examine a list of numbers and predict the next number in the list according to 
some pattern you have observed, you are using inductive reasoning.

ExAmPlE 1 Use inductive Reasoning to Predict a number

Use inductive reasoning to predict the next number in each of the following lists.

a. 3, 6, 9, 12, 15, ?   b. 1, 3, 6, 10, 15, ?

solution

a.  Each successive number is 3 larger than the preceding number. Thus we predict 
that the next number in the list is 3 larger than 15, which is 18.

b.  The �rst two numbers differ by 2. The second and the third numbers differ by 3. 
It appears that the difference between any two numbers is always 1 more than the 
preceding difference. Since 10 and 15 differ by 5, we predict that the next number 
in the list will be 6 larger than 15, which is 21.

CHECk yoUR PRogREss 1 Use inductive reasoning to predict the next num-
ber in each of the following lists.

a. 5, 10, 15, 20, 25, ?   b. 2, 5, 10, 17, 26, ?

solution See page S1. ◀

Inductive reasoning is not used just to predict the next number in a list. In Example 2 
we use inductive reasoning to make a conjecture about an arithmetic procedure.

ExAmPlE 2 Use inductive Reasoning to make a Conjecture

Consider the following procedure: Pick a number. Multiply the number by 8, add 6 to 
the product, divide the sum by 2, and subtract 3.

Complete the above procedure for several different numbers. Use inductive reason-
ing to make a conjecture about the relationship between the size of the resulting number 
and the size of the original number.

solution

Suppose we pick 5 as our original number. Then the procedure would produce the fol-
lowing results:

Original number:  5

Multiply by 8:  8 3 5 = 40

Add 6:  40 + 6 = 46

Divide by 2:  46 4 2 = 23

Subtract 3:  23 − 3 = 20
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We started with 5 and followed the procedure to produce 20. Starting with 6 as our 
original number produces a �nal result of 24. Starting with 10 produces a �nal result of 
40. Starting with 100 produces a �nal result of 400. In each of these cases the resulting 
number is four times the original number. We conjecture that following the given pro-
cedure produces a number that is four times the original number.

CHECk yoUR PRogREss 2 Consider the following procedure: Pick a number. 
Multiply the number by 9, add 15 to the product, divide the sum by 3, and subtract 5.

Complete the above procedure for several different numbers. Use inductive reason-
ing to make a conjecture about the relationship between the size of the resulting number 
and the size of the original number.

solution See page S1. ◀

Scientists often use inductive reasoning. For instance, Galileo Galilei (1564– 
1642) used inductive reasoning to discover that the time required for a pendulum to com-
plete one swing, called the period of the pendulum, depends on the length of the pendu-
lum. Galileo did not have a clock, so he measured the periods of pendulums in “heartbeats.” 
The following table shows some results obtained for pendulums of various lengths. For 
the sake of convenience, a length of 10 inches has been designated as 1 unit.

Length of pendulum, 
in units

Period of pendulum, 
in heartbeats

 1
 4
 9
16
25
36

1
2
3
4
5
6

 

The period of a pendulum is the time it 
takes for the pendulum to swing from left 
to right and back to its original position.

ExAmPlE 3 Use inductive Reasoning to solve an Application

Use the data in the above table and inductive reasoning to answer each of the following 
questions.

a.  If a pendulum has a length of 49 units, what is its period?

b.  If the length of a pendulum is quadrupled, what happens to its period?

solution

a.  In the table, each pendulum has a period that is the square root of its length. Thus 
we conjecture that a pendulum with a length of 49 units will have a period of 
7 heartbeats.

b.  In the table, a pendulum with a length of 4 units has a period that is twice that 
of a pendulum with a length of 1 unit. A pendulum with a length of 16 units has 
a period that is twice that of a pendulum with a length of 4 units. It appears that 
quadrupling the length of a pendulum doubles its period.

CHECk yoUR PRogREss 3 A tsunami is a sea wave produced by an under-
water earthquake. The height of a tsunami as it approaches land depends on the velocity 
of the tsunami. Use the table at the left and inductive reasoning to answer each of the 
following questions.

a.  What happens to the height of a tsunami when its velocity is doubled?

b.  What should be the height of a tsunami if its velocity is 30 feet per second?

solution See page S1. ◀

Take NoTe

In Example 5, we will use a 
deductive method to verify that 
the procedure in Example 2 
always yields a result that is four 
times the original number.
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HIStoRIcal Note
galileo galilei  
(găl9- e-lā9ē9) 
entered the Uni-
versity of Pisa to 
study medicine 
at the age of 17, 
but he soon real-

ized that he was more interested 
in the study of astronomy and the 
physical sciences. Galileo’s study of 
pendulums assisted in the develop-
ment of pendulum clocks.

Velocity  
of tsunami,  

in feet per second

Height  
of tsunami, 

in feet

 6
 9
12
15
18
21
24

 4
 9
16
25
36
49
64
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Conclusions based on inductive reasoning may be incorrect. As an illustration, con-
sider the circles shown below. For each circle, all possible line segments have been drawn 
to connect each dot on the circle with all the other dots on the circle.

1
1

2

1

2

3

4

1

2

3

5
6 8

7

4
1

2

10

7
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The maximum numbers of regions formed by connecting dots on a circle

For each circle, count the number of regions formed by the line segments that con-
nect the dots on the circle. Your results should agree with the results in the following 
table.

Number of dots 1 2 3 4  5 6

Maximum number of regions 1 2 4 8 16 ?

There appears to be a pattern. Each additional dot seems to double the number of 
regions. Guess the maximum number of regions you expect for a circle with six dots. 
Check your guess by counting the maximum number of regions formed by the line seg-
ments that connect six dots on a large circle. Your drawing will show that for six dots, the 
maximum number of regions is 31 (see the �gure at the left), not 32 as you may have 
guessed. With seven dots the maximum number of regions is 57. This is a good example 
to keep in mind. Just because a pattern holds true for a few cases, it does not mean the 
pattern will continue. When you use inductive reasoning, you have no guarantee that your 
conclusion is correct.

Counterexamples

A statement is a true statement provided that it is true in all cases. If you can �nd one case 
for which a statement is not true, called a counterexample, then the statement is a false 
statement. In Example 4 we verify that each statement is a false statement by �nding a 
counterexample for each.

ExAmPlE 4 Find a Counterexample

Verify that each of the following statements is a false statement by �nding a counter-
example.

For all numbers x:

a. ux u . 0   b. x2 . x   c. √x2 = x

Take NoTe

To produce the maximum number 
of regions, the dots on a circle 
must be placed so that no three 
line segments that connect the 
dots intersect at a single point.

The line segments connecting six 
dots on a circle yield a maximum of 
31 regions.
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solution

A statement may have many counterexamples, but we need only �nd one counter-
example to verify that the statement is false.

a.  Let x = 0. Then u0u = 0. Because 0 is not greater than 0, we have found a counter-
example. Thus “for all numbers x, ux u . 0” is a false statement.

b.  For x = 1 we have 12 = 1. Since 1 is not greater than 1, we have found a counter-
example. Thus “for all numbers x, x2 . x” is a false statement.

c.  Consider x = 23. Then √(23)2 = √9 = 3. Since 3 is not equal to 23, we have 
found a counterexample. Thus “for all numbers x, √x2 = x” is a false statement.

CHECk yoUR PRogREss 4 Verify that each of the following statements is a 
false statement by �nding a counterexample for each.

For all numbers x:

a. 
x

x
= 1   b. 

x + 3

3
= x + 1   c. √x2 + 16 = x + 4

solution See page S1. ◀

qUeSTIoN  How many counterexamples are needed to prove that a statement is false?

Deductive Reasoning

Another type of reasoning is called deductive reasoning. Deductive reasoning is distin-
guished from inductive reasoning in that it is the process of reaching a conclusion by 
applying general principles and procedures.

Deductive Reasoning
Deductive reasoning is the process of reaching a conclusion by applying general 
assumptions, procedures, or principles.

ExAmPlE 5 Use Deductive Reasoning to Establish a Conjecture

Use deductive reasoning to show that the following procedure produces a number that 
is four times the original number.

Procedure: Pick a number. Multiply the number by 8, add 6 to the product, divide 
the sum by 2, and subtract 3.

solution

Let n represent the original number.

Multiply the number by 8: 8n

Add 6 to the product: 8n + 6

Divide the sum by 2: 
8n + 6

2
= 4n + 3

Subtract 3: 4n + 3 − 3 = 4n

We started with n and ended with 4n. The procedure given in this example produces a 
number that is four times the original number.

Take NoTe

Example 5 is the same as 
Example 2, on page 2, except 
in Example 5 we use deductive 
reasoning, instead of inductive 
reasoning.

aNSweR  One
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CHECk yoUR PRogREss 5 Use deductive reasoning to show that the follow-
ing procedure produces a number that is three times the original number.

Procedure: Pick a number. Multiply the number by 6, add 10 to the product,  
divide the sum by 2, and subtract 5. Hint: Let n represent the original number.

solution See page S1. ◀

 
Deductive Reasoning in Mathematics

You may have observed that some of your math classes made extensive use of deduc-
tive reasoning to prove theorems and solve problems. The following quote by the 
mathematician Paul R. Halmos (1916–2006) advocates that you not limit yourself to 
only using deductive reasoning to prove theorems.

“Mathematics is not a deductive science—that’s a cliché. When you try to prove 
a theorem, you don’t just list the hypotheses, and then start to reason. What you do is 
trial and error, experimentation, guesswork.”
 I Want to be a Mathematician: An Automathography (1985).

MatHMATTERS

inductive Reasoning vs. Deductive Reasoning

In Example 6 we analyze arguments to determine whether they use inductive or deduc-
tive reasoning.

ExAmPlE 6 Determine Types of Reasoning

Determine whether each of the following arguments is an example of inductive reason-
ing or deductive reasoning.

a.  During the past 10 years, a tree has produced plums every other year. Last year the 
tree did not produce plums, so this year the tree will produce plums.

b.  All home improvements cost more than the estimate. The contractor estimated that 
my home improvement will cost $35,000. Thus my home improvement will cost 
more than $35,000.

solution

a.  This argument reaches a conclusion based on speci�c examples, so it is an example 
of inductive reasoning.  

b.  Because the conclusion is a speci�c case of a general assumption, this argument is 
an example of deductive reasoning.

CHECk yoUR PRogREss 6 Determine whether each of the following argu-
ments is an example of inductive reasoning or deductive reasoning.

a.  All Gillian Flynn novels are worth reading. The novel Gone Girl is a Gillian Flynn 
novel. Thus Gone Girl is worth reading.

b.  I know I will win a jackpot on this slot machine in the next 10 tries, because it has 
not paid out any money during the last 45 tries.

solution See page S1. ◀

logic Puzzles

Logic puzzles, similar to the one in Example 7, can be solved by using deductive reason-
ing and a chart that enables us to display the given information in a visual manner.
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ExAmPlE 7 solve a logic Puzzle

Each of four neighbors, Sean, Maria, Sarah, and Brian, has a different occupation (edi-
tor, banker, chef, or dentist). From the following clues, determine the occupation of each 
neighbor.

1.  Maria gets home from work after the banker but before the dentist.

2.  Sarah, who is the last to get home from work, is not the editor.

3.  The dentist and Sarah leave for work at the same time.

4.  The banker lives next door to Brian.

solution

From clue 1, Maria is not the banker or the dentist. In the following chart, write X1 
(which stands for “ruled out by clue 1”) in the Banker and the Dentist columns of 
Maria’s row.

Editor Banker Chef Dentist

Sean

Maria X1 X1

Sarah

Brian

From clue 2, Sarah is not the editor. Write X2 (ruled out by clue 2) in the Editor 
column of Sarah’s row. We know from clue 1 that the banker is not the last to get home, 
and we know from clue 2 that Sarah is the last to get home; therefore, Sarah is not the 
banker. Write X2 in the Banker column of Sarah’s row.

Editor Banker Chef Dentist

Sean

Maria X1 X1

Sarah X2 X2

Brian

From clue 3, Sarah is not the dentist. Write X3 for this condition. There are now Xs 
for three of the four occupations in Sarah’s row; therefore, Sarah must be the chef. Place 
a ✓ in that box. Since Sarah is the chef, none of the other three people can be the chef. 
Write X3 for these conditions. There are now Xs for three of the four occupations in 
Maria’s row; therefore, Maria must be the editor. Insert a ✓ to indicate that Maria is the 
editor, and write X3 twice to indicate that neither Sean nor Brian is the editor.

Editor Banker Chef Dentist

Sean X3 X3

Maria ✓ X1 X3 X1

Sarah X2 X2 ✓ X3

Brian X3 X3

From clue 4, Brian is not the banker. Write X4 for this condition. See the following 
table. Since there are three Xs in the Banker column, Sean must be the banker. Place a 
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✓ in that box. Thus Sean cannot be the dentist. Write X4 in that box. Since there are 3 
Xs in the Dentist column, Brian must be the dentist. Place a ✓ in that box.

Editor Banker Chef Dentist

Sean X3 ✓ X3 X4

Maria ✓ X1 X3 X1

Sarah X2 X2 ✓ X3

Brian X3 X4 X3 ✓

Sean is the banker, Maria is the editor, Sarah is the chef, and Brian is the dentist.

CHECk yoUR PRogREss 7 Brianna, Ryan, Tyler, and Ashley were recently 
elected as the new class of�cers (president, vice president, secretary, treasurer) of the 
sophomore class at Summit College. From the following clues, determine which posi-
tion each holds.

1.  Ashley is younger than the president but older than the treasurer.

2.  Brianna and the secretary are both the same age, and they are the youngest 
members of the group.

3.  Tyler and the secretary are next-door neighbors.

solution See page S1. ◀

kenken® Puzzles: An introduction

KenKen® is an arithmetic-based logic puzzle that was invented by the Japanese mathemat-
ics teacher Tetsuya Miyamoto in 2004. The noun “ken” has “knowledge” and “awareness” 
as synonyms. Hence, KenKen translates as knowledge squared, or awareness squared.

In recent years the popularity of KenKen has increased at a dramatic rate. More than 
a million KenKen puzzle books have been sold, and KenKen puzzles now appear in 
many popular newspapers, including the New York Times and the Boston Globe. 

KenKen puzzles are similar to Sudoku  puzzles, but they also require you to perform 
arithmetic to solve the puzzle.

Rules for Solving a kenken Puzzle
For a 3 by 3 puzzle, �ll in each box (square) of the grid with one of the numbers 1, 
2, or 3. 
For a 4 by 4 puzzle, �ll in each square of the grid with one of the numbers 1, 2, 3, or 4.
For a n by n puzzle, �ll in each square of the grid with one of the numbers 1, 2, 3, ..., n. 
Grids range in size from a 3 by 3 up to a 9 by 9.

■ Do not repeat a number in any row or column.

■ The numbers in each heavily outlined set of squares, called cages, must 
combine (in some order) to produce the target number in the top left corner of 
the cage using the mathematical operation indicated.

■ Cages with just one square should be �lled in with the target number.

■ A number can be repeated within a cage as long as it is not in the same row or 
column.

E x c u R S I o n
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Here is a 4 by 4 puzzle and its solution. Properly constructed puzzles have a unique 
solution. 

4 
sq

ua
re

s

4 squares

column 1 column 2 column 3 column 4

row 1

row 2

row 3

row 4

4×

6×

2 8×

1

7+

1−

A 4 by 4 puzzle with 8 cages

12×

         

4× 12×

6×

2 8×

1

2

3

1
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1

2

4

3

3

4

2

1

4

1

3

2

7+

1−

The solution to the puzzle

Basic Puzzle solution strategies 
Single-Square Cages Fill cages that consist of a single square with the target number 
for that square. 

Cages with Two Squares Next examine the cages with exactly two squares. Many 
cages that cover two squares will only have two digits that can be used to �ll the cage. For 
instance, in a 5 by 5 puzzle, a 203 cage with exactly two squares can only be �lled with 
4 and 5 or 5 and 4.

Large or Small Target Numbers Search for cages that have an unusually large or small 
target number. These cages generally have only a few combinations of numbers that can 
be used to �ll the cage. 

Examples:

In a 6 by 6 puzzle, a 1203 cage with exactly three squares can only be �lled with 
4, 5, and 6. 

A 3+ cage with exactly two squares can only be �lled with 1 and 2.

Duplicate Digit in a Cage Consider the 33 cage shown at the left. The digits 1, 1, and 
3 produce a product of 3; however, we cannot place the two 1s in the same row or the 
same column. Thus the only way to �ll the squares is to place the 3 in the corner of the 
L-shaped cage as shown below. Remember: A digit can occur more than once in a cage, 
provided that it does not appear in the same row or in the same column.

3×
3

1

1

Remember the Following Rules
In an n by n puzzle, each row and column must contain every digit from 1 to n. 

In a two-square cage that involves subtraction or division, the order of the numbers 
in the cage is not important. For instance, a 3– cage with two squares could be �lled with 
4 and 1 or with 1 and 4. A 3÷ cage with two squares could be �lled with 3 and 1 or with 
1 and 3. 

3×

An L-shaped cage
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